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Abstract. Usually the concepts of efficient and weakly efficient solution are associated to a mul-
tiobjective optimization problem. Both notions may be described in terms of a preference relation
determined by a closed convex cone with nonempty interior - typically the nonnegative orthant
of a finite dimensional space. We present a unified approach for dealing with both notions at the
same time under generalized quasiconvexity assumptions on the objectives defined on the real-
line. Since most algorithms in scalar minimization involve the solvability of a one-dimensional
problem to find the next iterate, it is expected that our results be applied in the vector case.
We established several characterizations of the nonemptiness of the solution set, and also
various characterizations when besides boundedness is required. To that end we used a notion

of relaxed convexity for vector functions introduced ealier by one of the authors.
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1 Introduction and Formulation of the Problem

In multiobjetive optimization several criterion functions must be minimized simultaneously. Very
often, no single point minimizing all criteria at once may be found, and so the concept of optimal-
ity has to be modified. Usually, the notion of efficient or weakly efficient solution is considered. A
point is called efficient or Pareto-optimal, if there does not exist a different point with smaller or
equal objective function values, such that there is a decrease in at least one objective function value; a
point is called weakly efficient or weakly Pareto-optimal, if there exists no other point with strictly
smaller objective function value. Both notions may be described in terms of a preference relation
determined by a closed convex cone with nonempty interior - typically the nonnegative orthant of
some R”.

More precisely, given a nonempty set K < R", a closed convex cone P — R”, and a vector-valued
function, F : K — R", a point x € K is an efficient solution to the problem

min{F(x):xe K} (D
if
F(x)-F(x)e -P\l(P) VxeKk, 2

where I(P) = P()(—P); whereas when int P # 0, x is a weakly efficient solution to (1) if
F(x)-F(x)¢ —intP VxeKk. 3)

We denote by £ = E(K) the set of efficient solutions to (1), and by E,, = E}, (K) the set of weakly
efficient solutions. Since P < R" \—(P\/(P)) c R™ \ (—int P), every efficient solution is also weakly
efficient. We refer to [24, 25, 19] for a theoretical treatment of even more general vector optimization
problems.

Problem (3) has been extensively studied mainly when P =R7; among the recent publications for

the existence of weakly efficient solutions, we quote [7, 13, 15, 16, 17, 24, 27, 9] and references th-
erein; whereas results about existence of efficient solutions may be found in [10, 12, 19, 25].
The case K < R is of particular interest since it is known that most algorithms in scalar minimiza-
tion (e.g. Newton, gradient, projection methods) require to solve a one-dimensional minimization
problem. It is expected that similar devices be applied in multiobjective optimization. Thus, purpose
of this work is to give a unified approach for both problems in the particular case when K — R
under generalized quasiconvexity assumptions, so we will be interested in the problem:

findxe K:F(x)—F(x)e S VxeKk, 4)

where S is a cone satisfying S+ P < S. This inclusion is satisfied if either S =R" \—(P\I/(P)) or
S =R"\(—int P).

Although in recent years nonlinear-scalarizations schemes are being employeed in multiobjetive
optimization problems-specially in the absence of the standar convexity assumptions ([11])-the linear-
scalarization tool, or weighting method, is among the main procedures, even in the quasiconvexity
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case, [11, 21, 17, 18, 23]. However, the main drawback lies on the choice of the parameters since
it is not known in advance which ones give rise to solutions. In fact, bad choices of these parameters
can lead to unbounded scalar optimization problems, or under convexity, this method computes only
proper efficient solutions [21].

The notion of semistrict (5) -quasiconvexity for vector functions, suitable for studying Problem
(4), is recalled in Section 2, where it is also established some relationship with other classes of fun-
ctions. Section 3 provides several characterizations of the nonemptiness of the solution set to (4),
and also various necessary and sufficient conditions when in addition boundedness is required. Sev-
eral examples are presented in each section showing our results are in some sense optimal.

We end this section by recalling the definition of asymptotic cone. Given a set C, the asymptotic
cone of C, denoted by C”, is defined by

c” i{u:EItk L03x et x —>u},

which is a closed cone. The “recession” term instead of asymptotic is employed when convex sets
are considered. Some of the main properties of asymptotic cones may be found in [26, Chapter 3].

Proposition 1.1 The following assertions hold.

(a) K, cK, implies K" c K3';
(b) let K cR",then K is bounded if and only if K~ ={0};
(c) Let {K,}, ie [, beany family of nonempty subsets of X, then

(ﬂl@j cN&)".

If, in addition, N, K, # 0 and each set K,,i€ I, is closed and convex, then we obtain an equal-
ity in the previous inclusion.

2 Semistrict (S)-quasiconvexity and Related Properties

Let )X, Y be real normed vector spaces. We are also given a nonempty set S € Y, a nonempty convex
set K ¢ X, and a mapping F': K — Y. It is requested to find

xeK: F(y)-F(x)eS VyeKk. &)

A point X € K satisfying (5) is called a (global) S-minimal of F' (on K) and the set of such points
is denoted by E,. Obviously E, # 0 implies that Oe S.
In connection to problem (5) the following definition introduced in [15], and further developed in
[16, 17], will play an important role. In the following: “co(A)” stands for the convex hull of the
set A, which is the smallest convex set containing 4; given x # y, we set

[x,y]={tx+(1-¢)y:0<t<1}.
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Similarly for [x, y[, ]x, y[.

Definition 2.1. The vector function F : K — Y is said to be:
(1) ([15, 16]) semistrictly (S)-quasiconvex at y e K, if for every xe K, x # y,

F(x)-F(y)e-S=F(&)-F(y)e-S Vel

We say that F'is semistrictly (S)-quasiconvex (on K) ifit is at every ye K .

(i1) ([15]) explicitly (S)-quasiconvex at ye K , if it is semistrictly (S)-quasiconvex and semis-
trictly (¥ \—S)-quasiconvex at y.

We say that F'is explicitly (S)-quasiconvex (on K) ifitis at every ye K.

When Y =R, the previous definition reduces to quasiconvexity of real-valued functions in case
S =R, =[0,+e0), and to semistrict quasiconvexity if S =R,, =(0,+e0).

In what follows, P Y is a (not necessarily pointed) convex cone, P # Y. The set P* c Y",
with ¥* being the topological dual of Y, is the (nonnegative) polar cone defined by

P*={p*eY*:<p*,p>20 YV pe P},

where <-, > stands for the duality pairing between Y and Y.
We recall two important facts if additionally P is also closed: the first one is the bipolar theorem
(P" =P),

peP<::><p*,p>20 VpeP, 6)
and in case int P # 0, we have
peintPe=(p ,p)>0 V p'e P'\{0}. (7

Some generalizations of convexity in connection with optimality conditions are provided in [5,
6, 22].

The next definition collects some of the main notions of generalized convexity employed in the
existence theory of vector optimization problems appearing in the literature.

Definition 2.2 Let K X be a convex set and P be a convex cone. The function F : K — 7Y,
is said to be

(i) P-convexifforall x,ye K,
aF(x)+(1-a)F(y)e F(ax+(1-a)y)+ P forall xe (0,1).

In particular, F'is R -convex if and only if each component of F' is convex;
(i1) properly P-quasiconvex ([12]) if for each x,ye K,

F(lx,yD) {F(x), F(»)} =P,
or equivalently, the set

{(e K:F(&)¢ A+ P} isconvex forall LeY.
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(iii) naturally P-quasiconvex ([28]), if for each x,ye K,
E(lx, y]) c[F(x), F(»)]-P.
(iv) scalarly P-quasiconvex ([23]) if
xe K (p* ,F(x)> is quasiconvex for every p* e P".

(v) P-quasiconvex ([12, 24]) if the set
{(e K:F(&)e A—P} isconvex forall AeY.

In particular, F'is R"' -quasiconvex if and only if each component of F' is quasiconvex;
(vi) (int P#0) [15, 16, 17]semistrictly (Y \—int P)-quasiconvex (see Definition 2.1, [15]), if for every
x,ye K,

F(x)-F(y)¢ int P= F(ax+(l-a)y)-F(y)¢ int PV ae (0,1).

(vii) semistrictly (Y \—(P\I(P))) -quasiconvex (see Definition 2.1) if for every x, ye€ K,
F(x)-F(y)¢ P\I(P)= F(ax+(1-a)y)-F(y)g¢ P\I(P)V ae (0,1).

In general, as noted in [12, 15], there is no relationship between the notions of P-convexity and
proper P-quasiconvexity.
Also with no further assumption on P, the class of naturally P-quasiconvex functions is strictly larger
than the preceding two classes of functions as shown in [28]. On the other hand, the class of P-qua-
siconvex functions is strictly larger than the scalarly P-quasiconvex functions as shown in [23] (where
the terminology * -quasiconvexity is applied), and this latter class of functions is equivalent to the class
of naturally P-quasiconvex functions as established in Theorem 2.3 below.
Furthermore, the function F(x) = (ﬁ,| x|),x€ R, is semistrictly (R*\—int R?) -quasiconvex but
not R? -quasiconvex.
We also notice that there is no relationship between (vi) and (vii), and also between (v) and (vii).

Indeed, by taking K = [0, 1], the function F = (f,, f,) given by

—-x+1 if O0<x<l1

0 it x=0 > FOT®

o]
is semistrictly (R” \—(IR? \ {0})) -quasiconvex without being semistrictly (R*\—int R?) -quasiconvex
(and therefore neither Ri -quasiconvex, because of Theorem 2.3 below) since F'(1)—F(0) =(0,1)
g int R? and F(1/2)—F(0)=(1/2,1/2)€ int R?; whereas the function

0 if 021
fi(x) =x, fz(x)={ K =[0,+e°),

1 if 0<x<l,

is R? -quasiconvex (thus semistrictly (R”\—int R?) -quasiconvex by the next theorem), but not
semistrictly (R* \—(R? \ {0})) -quasiconvex at 0 since F(I)—F(0)=(1,~1) ¢ Ri \{0} and F(1/2)-
F(0)=(1/2,0)€ R> \_{0}.
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Certainly, proper P-quasiconvexity and P-quasiconvexity are the more common generalizations of
the notion of quasiconvexity for real-valued functions. The semistrict (¥ \ —int P) -quasiconvexity
and the semistrict (¥ \—(P\I(P))) -quasiconvexity provide further generalizations as well: the first
being suitable when dealing with weak efficiency ([15, 16, 17]) and the second for efficiency.

The next theorem establishes the relationship between the notions introduced in Definition 2.2.

Theorem 2.3 Assume K X is a convex set and P Y a convex cone such that P #Y. Con-
cerning Definition def-conv-gen, we have the following assertions: itemize

() ()= (i) = (v), (i) = (i) = (iv) , (i) = i), (iii) = (vii) ;
(b) if in addition P is closed then
(iMl) = (iv) = (v) = (vi).
(c) if additionally PU(—P) =Y then,
(v) & (ii) &= (iii) and (v) = (iv);
(d) if additionally PU(—P)=Y and P is closed (and so int P # 0), then

(ii) = (iii) == (iv) == (v) == (vi) = (vii).

Proof: (a): The implication (iii) = (vii) follows from Proposition 2.6 below with S =Y \(-P\
[(P)); the other implications appear in Theorem 2.6 of [15] since they are still valid in general nor-
med vector spaces.

(b): When int P # 0, the equivalence is proved in Proposition 3.9 of [18]. However, the proof still
remains valid in the general case with obvious changes. We reproduce the proof for reader’s conv-

enience.

Assume that F satisfies (iv). We need to check that given € R and x" € P", the set K, ={ze K :
(x* ,F (z)> <t} is convex. Indeed, if x, y € K, then by natural-P-quasiconvexity of F, for all ze
[x, v] there exists A€ [0,1] and u € P such that F(z) = AF(x)+(1- A)F(y)—u. Hence,

(X F(@2) = A{x ,FO)+ (1=D{(x ,F(n) = (x u) <t

thus ze X, , so K, is convex.
Conversely, assume that F is not naturally-P-quasiconvex. Then, there exist x, ye K and z € ]x, J[
such that for all £€[0,1], F(z)¢ uF(x)+(1—-u)F(y)—P. Thus, by (6), for every e [0,1] there
exists x* € P\ {0} such that

(x\F(2))>(x , uF (x)+(1- p) F(3)).

We can suppose that || x* || =1. By Alaoglu’s theorem (see [1] or [Theorem 5.25][2]), the set B = {y"
e Y ||y |I<1} is weak-star compact. Thus,

x'eB,=P"NB={y e P ||y |1}
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is also weak-star compact. Setting (v, &) = < v F(z)— uF(x)—(1— 1) F( y)), we can apply the Sion
minimax theorem (see for instance [23]) to get

max min f(y*, &) = min
V'eB, kel0)]] wel0.1]

max £ (y", 1) > 0.
y'eB,

Hence there exists x ‘€ B, such that
(x\F@)>pu(x  FO)+(1-p)(x ,F(») ¥ uel0l]

In particular, we get x ‘e P*and <x* ,F(z)> > (x , F(x)) and (x ,F(z)> > <x* ,F(y)).
Thus F is not scalarly P-quasiconvex.
For the other implications we refer Theorem 2.6 of [15].
(c): It may be found in Theorem 2.6 of [15].
(d): This is a consequence of (@), (b) and (c) and the fact that P =Y \ —int P and P\/(P)=int P.
Notice that in this case there exists p” € P"\{0} such that P={pe Y : ( P, p) >0} (see, for instance,

[15]).

For a given ye K, we set

S, ={xe K:F(x)-F(y)e =S}
The proof of the next lemma follows immediately from Definition 2.1.

Lemma 2.4 [16] Given S, K as above and F : K — Y. For fixed ye K, the following two asser-
tions are equivalent: itemize

(a) F is semistrictly (S)-quasiconvex at y;
(®) [x,y]cS, forall xe S, .

We recall that C is starshaped at ye C, if [x, y] c C, for all xe C.
Thus, if C is starshaped at y e C, then

c” =) «C-y). )

t>0

In case 0e S, we have ye S for all ye K, and therefore, we obtain the following theorem with-
out any continuity assumption.

Theorem 2.5 Given S, K as above with 0€ S, and F : K — Y. The following assertions hold.

(a) Fissemistrictly (S)-quasiconvex at y € K if, and only if, S, is starshaped at y;
(b) Assume, in addition that K is closed. If F is semistrictly (S)-quasiconvex at y then

(S,)" =tve K" : F(y+Av)=F(y)e =S ¥ A>0}.

Proof: (a) follows from the previous lemma. Part () is a consequence of (8), since

ve(S)" <= y+wveS, Vi>0c=veK", F(y+wv)-F(y)e-S Vi>0.

Proposition 2.6 Let 0 # S c Y such that £Sc S for all 1 >0; K c X be convex; PC Y be a
convex cone satisfying S+ Pc S .Let F:K — Y be given.
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(a) If Fis P-convex, then F is explicitly (S)-quasiconvex.
(b) Assume that 0€ S and that F is naturally P-quasiconvex, then F is semistrictly (S)-quasiconvex.

Proof: (a): Let x,y€ K and x # y. By P-convexity we have F(t&x+(1—¢)y)e tF(x)+(1-)F(y)
—P for all ¢e (0,1). Thus, by setting & =&x+(1—1)y, we have F(&)—F(y)e t(F(x)—-F(y))—P
for all € (0,1). If F(x)-F(y)e =S, then F()—F(y)e —tS— P < —S, proving the semistrict (S)-
quasiconvexity. On the other hand, if F(x)—F(y)e Y\S then F({)—-F(y)et(Y\S)-PcY\S.
It proves the semistrict (¥ \—S) -quasiconvexity, which completes the proof.

(b): Given x,ye€ K , we have that for all £e]x, [,

F(&)e[F(x),F(»)]-P.

Thus, for every £e€]x, y[ there exists & € [0,1] such that F(&)— F(y)e u(F(x)—F(y))—P. If F(x)—
F(y)e S, then F()—F(y)e —uS — P < —S— P c -8, proving the desired result.

The class of explicit (S)-quasiconvexity also includes that of explicit quasiconvexity componen-
twise when P=R7 and S =Y \(-int R}), § =Y \~(R? \ {0}). More generally, we say that F': K ->Y
is explicitly scalarly P-quasiconvex if it is scalarly P-quasiconvex (see (iv) in Definition 2.2) and
semistrictly scalarly P-quasiconvex: the latter means, that

xe K < p . F (x)> is semistrictly quasiconvex for every p* e P".

Proposition 2.7 Let 0 # K < X be convex and closed. Assume that P C Y is a closed, convex
cone. If F: K — Y is explicitly scalarly P-quasiconvex then it is explicitly (P \/(P)) -quasiconvex,
and explicitly (int P)-quasiconvex (here int P # 0).

Proof: Let x, ye€ K. If F(x)— F(y)e —(P\I(P)), then <p* ,F(x)=F(y))<0 forall p'e P", and
(¢ ,F(x)—F(»)) <0 for some ¢ € P". By hypothesis, (p , F(£)~ F(y))<0 and (g ,F(&)—F(y)) <0
for all £e |x, y[. Hence, F(&)—F(y)e —P\I(P) for all £ €]x, ).

Assume that F(x)—F(y)¢ (P\I(P)). If on the contrary, F(&)— F(y)e P\I(P) for some &elx, ),
then (p ,F(f)—F(y)) >0 forall p"e P* and <q ,F(f)—F(y)) >0 for some ¢" € P*. Thus, (p ,
F(x)=F(y))=0for all p"e P" and (¢, F(x)— F(»))> 0. Hence, F(x)-F(y)e P\I(P), a contr-
adiction. This completes the proof that F is explicitly (P \/(P)) -quasiconvex.

The explicit (int P)-quasiconvexity of F follows from Theorem 5.3 of [15].

When P" is the weak-star closed convex hull of its extreme directions, one obtains part of the pre-
vious proposition under weaker assumptions. In what follows, extrd P* stands for the set of extreme
directions of P":here ¢* € extrd P" if and only if ¢* € P*\ {0} and for all ¢,,q, € P" such that ¢* =
g, +q, we actually have ¢/,¢q, € R, ¢ .

Proposition 2.8 Let 0 # K < X be convex and closed, P # Y be a closed convex cone in Y and
F:K —Y be given.

(a) Assume that P" is the weak-star closed convex hull of extrd P*. If for all p* € extrd P*,

xeKm < p* F (x)> is quasiconvex and semistrictly quasiconvex,
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then it is explicitly (P \I(P)) -quasiconvex. If, in addition P" is polyhedral with int P # 0, then F is
also explicitly (int P)-quasiconvex.
(b) Let D={p e P || p"|I=1}.

(b1) If for all p* e D,

xe K < p . F (x)> is quasiconvex and semistrictly quasiconvex,

then F is explicitly (P \I(P)) -quasiconvex.
(b2) (int P #0) If forall p* e D,

xe K- hp, (x)= (p* ,F(x)) is quasiconvex,

then F is semistrictly (¥ \ —int P) -quasiconvex.
(b3) If forall p* € D, hp* is semistrictly quasiconvex, then F is semistrictly (int P)-quasiconvex.

Proof: (a): It follows the same argument of the previous proposition and using the following two
facts (see (6)):

peP<::><p*,p>20 V p’ e extrd P, ©)]

and if for some ze Y there is p" € P* such that (p",z) <0, then there is ¢* € extrd P" satisfying

< p* ,z) < 0. The last assertion follows easily.

We apply a similar reasoning as that in the preceding proposition to prove Parts (b1), (52) and (53).
Other suficient conditions ensuring explicit (int P)-quasiconvexity may be found in [15].

Remark 2.9 Conditions ensuring that P is the weak-star closed convex hull of extrd P, may be
found in Remark 2.2 of [3]. It is true, in particular, when int P # 0. In that paper was also proved that
P-quasiconvexity is equivalent to the quasiconvexity of

xe K (p ,F(x)) forevery p’ € extrd P".

When P=R"

+9

assumptions in the previous theorem read by saying that each of its components is quasiconvex and

extrd R reduces to the canonical basis of R™. Thus, for any vector function the

semistrictly quasiconvex.

Remark 2.10 By virtue of Remark 2.9, (52) of Proposition 2.8 remains true if D is replaced by
extrd P"; whereas (b3) continues to be valid as above, under the stronger assumption P* = co(extrd
P"), which is satisfied if P is polyhedra or if P" is a kind of ice-cream cone.

Example 2.11 This example shows that explicit (R’ \ {0}) -semistrict quasiconvexity does not
imply the semistrict quasiconvexity of each component. Take K =[0,+0), P=R? and F =(f;, f,)
with
0 if x=0,

Six=x, fz(x):{l if x=0.

Here, E = {0} and E,, = {0}.
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3 Unifying Efficiency and Weak Efficiency on the Real-line: the Main Results

We are concerned in the problem
findxe K:F(y)-F(x)e S VyeKk. (10)
The following hypothesis will be needed in the sequel.

Hypothesis (A): Problem (10) admits a solution for all compact convex set K < X.
Concerning the validity of Hypothesis (4), we have the next lemma.

Lemma 3.1 Let X,Y be normed vector spaces, K < X compact, P C Y be convex cone such that
P#Y,and F: K =Y be given. Then, Hypothesis (4) holds under any of the following circumstances:

(a) ([19, Theorem 5.1]) S =Y \(=P\/(P)) and the set {xe K : F(x)— F(y)e —P} is closed for all
YEK;

(b) (16, Theorem 3.2]) S=Y\—int P, int P # 0 and the set {xe K : F(x)— F(y)¢ int P}is closed
forall ye K.

It is known from [4] (see also [14,24]) that if F" is P-lower semicontinuous then (a) and () hold.
We recall that ([24]) F: K =Y is P-lower semicontinuous (P-1sc) at x, € K if for any open set
V Y such that F(x,)e V' there exists an open neighborhood U ¢ X of x, such that F(UNK)
c V' + P. We shall say that F'is P-Isc (on K) if it is at every x, € K.

We point out that F' = (f},---, f,,) is R -Isc if and only if each f; is Isc.
In connection to Problem (4) and following the same line of reasoning as in [13,14,15], we set
R =({ve k™ :F(y+)-F(y)e-S V1>0}. (1
yeK

From now on, we restrict ourselves to the case X =R. Notice that P-lower semicontinuity of F

is not assumed in the next two theorems.

Theorem 3.2 Let 0 # K — X be closed and convex, let 0 #S c Y such that 0e S, and F: K —>Y
be semistrictly (S)-quasiconvex. Assume that Eg # 0, then

(Es)” < Rs. (12)
If, in addition, every S, is closed and convex for all y € K, then (£;)” = R.
Proof: If £ # 0 then
0% (E)" =(5,)" <[ (S,)" =R,

yek yek
by Theorem 2.5. The last part is a consequence of the previous inclusion by taking into account
Proposition 1.1.

The closedness of S}, is satisfied if F is P-Isc; and the convexity of each Sy holds if either
X=RorY =R (in such a case P=R,) provided F is semistrictly (S)-quasiconvex. However,
when X =R, the same result is obtained without the closedness of S > as Theorem 3.4 below shows.
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We now exhibit some instances where the inclusion in (12) does not hold without the semistrict (S)-
quasiconvexity assumption. The first example concerns efficiency and the second weak efficiency.

Example 3.3 We really need the semistrict (S)-quasiconvexity in Theorem 3.2.
(i) Take K =[0,+c0), S =R’ \—(R? \{0}) and

4 if xe[0,2],

L) = x-1], fz(X)={6—x if X& (2,4<).

An easy computation shows that £ = E; = {1} U (2,+), (E,)” =[0,+0), whereas R, = {0}. Set-
ting ' =(f,, f,), we notice that F(3)—F(3/2)=(3/2,-1 ¢ Ri\ {0} but F(2)-F((3/2)=(1/2,0)
e R2\{0}.

(ii) Take K =R, S = (R’ |—int R?) and

4 if  xe (—,0],
f(x)=<4+x if xe]0,2),
[x=3]+5 if x€ (2,400).

B if xe (—e,2],

hO=V 4]0 xe 2 4e0)

Here E,, = Eg = (—oo,0]U{4}, (E;)” =(—e0,0] and R, = {0}. Setting F =(;, ), we observe that
F(0)-F@3)=(-1,-1)¢ int R? but F(2)—F((3)=(1,1)eint R>.

Theorem 3.4 Let 0 # K — R be closed and convex, let 0 # S <Y such that 0e S, and F: K
— Y be semistrictly (S)-quasiconvex. Assume that £, # 0, then E; is convex and (£)” = R;.

Proof: By virtue of the first part of the previous theorem, we need only to prove that R, < (£;)”.
Take 0 # ve R;. We consider v > 0 (the case v <0 is analyzed in a similar way). Take any xe E;,
we will check that x+ Ave E for all 4 >0.Let y€ K and 4> 0. If x+ Ave co({x, y}), then F(x+
Av)—F(y)€ —S by assumption on F. If x+ Av¢ co({x,y}), we distinguish the cases x < y and
y<x. If x<y, then x+ Ave (y,y+ Av). Therefore F(y)—F(x+Av)€ S since F(y+Av)—F(y)
€ =S.If y < x(< x+ Av), then by writing x+ Av = y+ pv for some p >0, we obtain F(x+ Av)—
F(y)=F(y+pv)—F(y)e —S.Hence x+ Ave E; for all A >0, which implies that ve (E,)”, and
thus the proof is completed.

One can find examples in higher dimension where the convexity of E,, fails under the standar
convexity assumption on F, see for instance [13].

Theorem 3.5 Let 0 # K — R be a closed convex set, let S Y be given. Assume that F : K
— Y is semistrictly (S)-quasiconvex. The following assertions are equivalent:

(@) Ry ={0};
(b) 3r>0, Vxe K\K,,Jye K, :F(y)-F(x)¢ S, where K, = K [-r,r]#0.

Proof: (a) = (b): Suppose to the contrary that for all n e N there exists x, e K\K, , F(y)—F(x,)

e Sforall ye K,. Then, for ye K fixedand n >| y|, we have F'(y)—F(x,)e S forall n>|y|. As-
sume that —

™ — ve K”. We consider only the case v =1 (the other is entirely similar). Let A >0
X

n
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and choice # satisfying (| x, [>)n >max{| y+A|,| v [}. As y+ A€ (y,x,) and F(y)—F(x,)e S, we
obtain F(y+A)—F(y)e —S. Thus, | =ve Ry, a contradiction.

(b) = (a): Take any xe€ K, and assume that 0# ve Ry. Then, for some 4, >0, x+A4ve K\K .
Thus, by (b), there is y€ K, K such that F(y)— F(x+4,v)¢ S . On the other hand x+ 4 v =y
+Av for some A, >0 by convexity of K c R. Therefore F(y+ Av)—F(y)¢ —S, contradicting the
choice of ve R .

The implication (a) = (b) in the preceding theorem remains valid if K is a subset of a finite di-
mensional space under the additional assumption of P-lower semicontinuity on £, as proven in [16].

By numerical aspects one might be interested in knowing, a priori, when the solution set is
bounded since, like in scalar optimization, convergence of minimizing sequences depends heavily
on that property. In this spirit, next theorem plays a important role. The assumption on the com-
plementary of S in the next theorem is satisfied when

S=Y\—=(P\I(P)),S=Y\~int P,
with P being a (not necessarily pointed) convex cone.

Theorem 3.6 Let 0 # K — R be a closed convex set and 0 S C Y be a cone satisfying (Y \S)
+(Y'\S)c Y'\S. Assume that F': K — Y is semistrictly (S)-quasiconvex and Hypothesis (4) is sa-
tisfied. The following assertions are equivalent:

(@) Ry =1{0};
(b) 3r>0, Vxe K\K ,Iye K, :F(y)—F(x)¢ S, where K. =KN[-r,r]#0;
(c) E is nonempty and bounded.

Proof: (a) < (b): It follows from the previous result.
()= (c): Forevery ne N, set K, ={xe K :| x|< n}. We may suppose, without loss of gener-
ality K, # 0 for all ne N. Let us consider the problem

findxe K, : F(y)-F(x)e S VyeKk,. (13)
By Hypothesis (4), it admits a solution, say x, € K, for all ne N. We choose ne N, such that
n<r<n+1l.We claim that x

ye K with | y|>n+1 satisfying F(y)—F(x,,,)¢ S. By assumption, there exists y, € K, c K
F(y,)~F(y)¢ S. Thus,

F(y)=F(x,,)=F»)=-F)+F()=-F(x,,)e Y\ +T\S) cY\S,

is also a solution to problem (10). In fact, suppose there exists

n+l

n+l ©

a contradiction.
(¢) = (a) : It is a consequence of Theorem 3.4.

Example 3.7 The semistrict (S)-quasiconvexity of ' cannot be deleted in the preceding theorem.
Take K =[0,+e0) and F = (f,, f,) with

X if 0<x<],

s .
e if x>1.

fix)=e”, fz(x):{
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Here E = {0}, E,, ={0}. We obtain F(0)-F(2)=(1-¢”,—¢") ¢ R2\{0} but F()-F(2)=(e"' —¢7,
1-e7)e int R?. Hence, F is neither semistrictly (R* \—(int R?)) -quasiconvex at 2 nor semistrictly
(R*\(=R? \{0})) -quasiconvex at 2 . Here (b) does not hold for either S =R*\(~int R2)or § = R*\
(-R2\{0}).

The preceding theorem has several useful consequences which are expressed in the two follow-
ing corollaries. The next result valid for quasiconvex real functions will be used subsequently. It is
taken from [8], see also [20].

Lemma 3.8. If f'is quasiconvex on R, then there is a € [—oo,+o0] such that f'is non-increasing
on (—eo,a] and non-decreasing on the rest ( with the convention (—eo, —eo] =[400,+00) = 0)

Corollary 3.9. Let 0 # K R be convex and closed, P # Y be a closed convex cone in Y, and
F:K —Y be given.

(@) Set D={p" e P":|| p" ||=1}. Assume that forall p" € D, xe K > <p ,F(x)> is Isc.
(al) If F is semistrictly (Y \(—P \/(P))) -quasiconvex then,

E #0 and bounded = argmin](<q* ,F(-)> +0 Vg eD.
(a2) Ifforall p'e D, xe K < », F(x)> is semistrictly quasiconvex, then,
E#0 and E#R =3¢ € D, argmin (g ,F())#0.

(b) Assume that P" is the weak-star closed convex hull of extre P* (see the previous section), and
that for all p" € extrd P*, xe K > (p* ,F(x)) is Isc.
(b1) If F is semistrictly (Y \ (=P \(P))) -quasiconvex then,

E #0 and bounded = argminK<q* ,F(-)) #0 V¢ eextrd P.
(b2) Ifforall p" e extrd P',xe K — ( p . F (x)) is semistrictly quasiconvex then,
E+#0 and E#R = 3g" € extrd P, argminK<q* ,F(‘)> #0.
Proof: We only prove (b) ((a) is similar). We first observe that Hypothesis (4) is satisfied: one

can check that {xe K : F(x)— F(y)e —P} is closed for all ye K by virtue of (9). Thus, the result
is a consequence of Theorem 3.6 since its Part (b) reads

Jr>0, Vxe K\K,,3ye K, : F(y)-F(x)e —=P\I(P).
This implies, in particular, that (see again (9))
Ir>0, Vxe K\K,,Jye K,V q" € extrd P*,<q*,F(y)>S<q*,F(x)>.

This inequality along with the lower semicontinuity of (q* F (-)) imply that argming <q* ,F (-))
=0.

(b): We know that lower semicontinuity and semistrict quasiconvexity imply quasiconvexity. As-
sume, to the contrary, that argmin K(q* JF (-)) =0 for all ¢" € extrd P*. Then, by the explicit qua-
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siconvexity, either (q* ,F (')> is non-increasing on K for all ¢" € extrd P*, or non-decreasing on K
for all ¢* € extrd P*. Let us consider K =[a,+) (resp. K = (—o0,a]) then for all ¢ € extrd P", <q*,
F (-)) is strictly decreasing (resp. strictly increasing). We claim that £ = 0. In fact, let xe K and
take x > Xx, xe K. Then

<q* ,F(x)—F(f)) <0 Vq"eextrd P.
It turns out that
(¢ F(x)-F(x))<0 Vq'eP"
Both inequalities imply
F(x)-F(x)e —P\I(P),
showing that X ¢ E, proving the claim.
We consider the case K =R. Since E # 0, it is not difficult to prove the existence of p*,q" € extrd
P such that ( p* ,F (-)) is strictly increasing and (q JF (-)) is strictly decreasing. This allows us to
prove that £ =R, a contradiction.

We recall that if P is a closed convex cone with int P # 0, then P* is the weak-star closed con-
vex hull of extrd P* by Remark 2.2 in [3].

Corollary 3.10. Let 0 # K < R be convex and closed, P # Y be a closed convex cone in Y such
that int P#0, and F: K — Y be given.

(a) If Fis semistrictly (¥ \ —int P) -quasiconvex and P-Isc, then
E, #0 and bounded = argminK<p* ,F(-)) #0 and compact V p“ e D,

where D={p" e P":|| p" ||=1}.
(b) Assume that F'is P-lower semicontinuous on K and

(b1) argmin, (g, F()) # 0 for all ge D, with D as in (a). If for all g€ D, the function (g, F(-))
is semistrictly quasiconvex, then

E, = 5[ U argmin (q ,F(-))j.

qeD

(b2) argmink<q, F(')> # 0 for all g € extrd P*. If for all g€ extrd P*, the function (q, F(~)> is
semistrictly quasiconvex and P = co(extrd P*) then

sza( U argminAq,F(-))J.

geextrd P*

(c) Assume that extrd P is finite (i.e., P~ polyhedra) and
(c1) that for all p* € extrd P",

xe K < p . F (x)> is quasiconvex and Isc. Then
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E,#0and E, # R = 34" € extrd P, argmink<q* ,F(-)) 0.
(c2) that for all p* € extrd P*,

xe K ( p.F (x)) is semistrictly quasiconvex and Isc. Then
E, #0 and compact &= argminK<q* ,F(-)> #0 compact ¥V ¢" € extrd P’

Proof: (a): Clearly Hypothesis (4) holds since P-Isc implies (actually equivalent to) the closed-
ness of {xe K : F(x)—F(y)¢ int P} for all ye K, see [4] (see also [14]). From () of Theorem 3.6
it follows that

Jr>0, Vxe K\K,,Jye K, : F(y)—F(x)e —int P.
Taking into account (7), the previous relation becomes
Ir>0, Vxe K\K,,Iye K, :(p*,F(y)><<p*,F(x)>Vp* e P"\{0}.

This inequality along with the (see Theorem 5.5 in [24, Chapter 1]) lower semicontinuity of < p* ,
F (-)) implies that argmin K( p .F (-)) # (0 and compact for all p* € D.

(b1) ((b2) is similar): As in (a), for all ge D, (g, F()) is Isc. Thus,argmin (g, F(-)) is closed
for all g € D. Since every Isc and semistrictly quasiconvex real-valued function is quasiconvex, we
conclude that F is semistrictly (Y \ —int P) -quasiconvex (see Proposition 2.8). By Theorem 3.4, E,,
is convex. The closedness of E,, follows from the P-lower semicontinuity of F, since it is equiva-
lent to the closedness of {xe K : F'(x)—F(y)¢ int P} for all ye K (see [4] or [14]), and E,, is the
intersection of such sets. Therefore

A4, = E(U argminK<q,F(-)>) cE,.
qeD
Set h,(x)=(g,F(-)). Thus, 4, is of the form (—ee,+e), [@r, +20), (—=, ], [, ] for some —o< < f3
< +oo. Obviously, in the first case there is nothing to prove. We only consider the case 4, =[«,
). If xe E, \ 4,, by (7) we may choose g€ D such that %, (x) <h (). Take any x, € argmin £,_;
then A (x,) <h, (x) since x¢ A,, and therefore A (&) < h,(x) reaching a contradiction.

(c]) follows from a similar reasoning as in () of the previous corollary; (c2) is a consequence
of (a) and (b2).

In the case when P" is a polyhedral cone, that is,

P’ :UZ Co({ah'"?am})’
120
it is known that (Corollary 5.6 [24, Chapter 1]) F'is P-Isc if and only if <a[ ,F (-)> is Isc forall i =1,-- - k.
In particular, Part (a) of Corollary 3.9 applies for instance when P =R, F =(f,,---, f,,) with each
/. : K = R being Isc and semistrictly quasiconvex; and (a) of Corollary 3.10 can be applied if each
/. is Isc and quasiconvex.
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The following examples show that our assumptions in Corollaries 3.9 and 3.10, are in some sense
optimal.

Example 3. 11 (i) The function of Example 3.7 shows the necessity of the semistrict (R \ —int
R?) -quasiconvexity or semistrict (R*\—(R? \ {0})) -quasiconvexity in (a) of the preceding two
corollaries.

(i1) This example shows, in general, that (a) of Corollaries 3.9 and 3.10 fail to hold if £ and E,, are
unbounded. Consider P =R, f,(x)=x, f,(x)=-x,xe R. Here E=R=E, and F =(f,, f,)
is R? -convex.

(iii) In general, the reverse implication in (a) of Corollary 3.9 fails to hold. In fact, take P=R?,
K =[0,+) and f;(x)=1, f,(x)=2.Here E=K =E, and F =(f,, f,) is R’ -convex.

(iv) In general, the reverse implication in (@) of Corollary 3.10 fails to hold. In fact, take K =[O0,
+o0), P=R? and

L, if xe[L2],
2 if xe[l,2]

1 if x=4,

f‘(x)z{ 2 if x4

oo

Here D={(p},p})e R} :ll(p/, ) I=1}. Set h (x)=(p",F(x)), p'e D,xe K.
After making some computations, we obtain

2p +py), if xe[01]

p +2p,, if xe[l,2[;

h. ()=12(p, +py), if xe[24]

2p  +p,, if x=4,

2(p; +p;), if xe]4,400).
and

. {[1,2], if min{p] +2p,,2p; +p;} = p| +2p5,
argmin th‘, = . D fon s "
4, if min{p +2p,,2p, +p,=2p, +p,.
Here E,, =[0,+) and F =(f;, f,) is R’ -quasiconvex and hence semistrictly (R*\—int R?) -
quasiconvex.
(v) We now show the reverse implication in (b) of Corollary 3.9 and (c) of Corollary 3.10 may be
false. Take the example in (i7) with K =R to have E=R and E,, =R; and consider K =[0,
+o0), fi(x) =1, f,(x)=€"", to have E =0.

Corollary 3.12 Let 0 # K c R be a closed convex set, P Y be a convex cone. Assume that
F:K —Y isnaturally P-quasiconvex, or equivalently, scalarly P-quasiconvex. Then,

E,, # 0 and bounded = E # 0 and bounded.

Proof: From Proposition 2.6 and Theorem 3.6, it follows that R, = {0}, which implies that
R, ={0}. It turns out that £ is non-empty and bounded by the same theorem.
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Example 3.13 (i) The boundedness on £, in the previous corollary cannot be deleted as the fol-
lowing example shows. Take K =[0,+e°), f,(x) =1, f,(x)=e""; one obtains E,, =[0,+oo] whereas
E =0.Here F =(f,, f,) is R? -convex.

(ii) The reverse implication does not hold as showed by taking K = R. We consider F : K — R?,
F=(f,f,) with f,(x)=|x|, f,(x) = x. Obviously F is R -convex (thus it is naturally R’ -
quasiconvex by Theorem 2.3). Here E = {0} whereas E,, =R .

In order to characterize the non-emptiness (possibly allowing unboundedness) of E, we con-
sider the following non-coercive conditions:
(C)) for any sequence {x,} in K satisfying:

@) |, |—>+oo,x—"|—>ve Ry, and,
x"l
(i) for all ye K there exists n, such that F(y)—F(x,)e S forall n=n,

we assume the existence of v € K and 7, such that |u|<|x, | and F(u)—F(x,)e =S

(Cy) forevery x, € K, | x, | +oo, there exists n€ N and u e K such that |u |<| x, |and F'(u)—
F(x,)e-=S.

(Gs) there exists a nonempty compact set D < K such that for all xe K\D there exists ue
D:F(u)-F(x)e -S.

(C,) there exist ue K and r >|u| such that F(u)— F(x)e =S forall xe K,|x|=r.

(Cs) there exists » >0 such that K, = K[-7,7]# 0 and for each xe K, | x |=r there exists u e
K, |ul<r:Fu)-F(x)e -S.

We point out that all of these conditions apply to situations in which the solution set may be un-
bounded. Notice that the cone R, is not explicitly mentioned in (C,), i =2,3,4,5. Clearly (C,) =
(C), (G)=(C,) and (C5) = (C)).

We are now in a position to establish various characterizations of the nonemptiness of E
when K c R.

Theorem 3.14 Let 0 # K < R be a closed convex set, let S — Y be a cone. Assume that F : K
— Y is explicitly (S)-quasiconvex and Hypothesis (4) is satisfied. Then E is convex and each of
the conditions (C,)—(C;) is equivalent to the non-emptiness of Ej .

Proof: The convexity of £ is a consequence of the remark above.

(C))=(E; #0): Forevery ne N, set K, ={xe K :|x|<n}. We may suppose, without loss of
generality K, # 0 for all ne N. Let us consider the problem (13). By Hypothesis (4), it admits a
solution, say x, € K, for all ne N. If | x, |[<n for some ne N, then, we claim that x, is also a
solution to problem (10). In fact, if there is ye K with | y |[>n such that F(y)—F(x,)¢ S . Take
ze K with ze co({x,,»}) and | z|<n. By assumption, we have F(z)—F(x,)¢ S, which con-
tradicts the choice of x, . Therefore x, is a solution to problem (10).

We consider now the case | x, |=n for all ne N. We may suppose, whithout loss of generality,
that %—) v=x1. Clearly ve K”. We now check that ve R;. Take any ye K and 4>0. We

consider the case v=1 (when v = —1 the reasoning is similar). Then y < y + Av = y + 4. We choose
x, such that x, =n >max{| y+A11|,| ¥ |}. Thus F(y)—F(x,)e S, which implies that F(y+4)—F(y)
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€ —S since y+ A€ (y,x,). Therefore 1=ve R. On the other hand, for any fixed ye K, F(y)—
F(x,)e S for ne N sufficiently large (it is enough to take n >| y|). This shows that x, satisfies
(7) and (ii) of condition (*). Therefore there exists u e K and 7, such that |u |<|x, | and F(u)—
F(x,)e —=S. We claim that x_ is also a solution to (10). If not, there is ye K, |y |>n =[x, [>|u|
such that F(y)—F(x,)e S. On the other hand, either x, € co({u, y}) or u e co({x,, y}) since |u |<
| x, |<| ¥|. If ue co({x,,y}), then F(u)—F(x,)¢ S, which contradicts the choice of x,. If x, €
co({u,y}) then F(y)—F(u)e S, since otherwise we obtain F(u)—F(x.)¢ —S contradicting the
choice of u. Thus, F'(u)—F(y)e —S. It follows that F'(x,)— F(y)e —S, which contradicts the choice
of y. Therefore x, is a solution to problem (10).

(C) = (C); (C) = (C); (C,) = (Cy); These are obvious.

(E; #0)=(C,):Let | x, | >4cc and u€ E,. Thus, for n such that | x, [>|u| we obtain F(x,)—F(u)
€ S. This shows that F'(u)— F(x,)e -S.

(Eg #0)= (C,): Take any ue Eg and set D = {u}.

(Eg #0)=(C,): Take any ue Eg and r >|u]|.

(C)= (E; #0): Let us consider problem (13) on K, which admits a solution, say x,. If | x, |< r
we proceed as in the beginning of the proof (C,) = (£ # 0) to conclude that x, is in fact a solution
to problem (13) on K. If on the contrary |x ,|=r there exists u€ K, |u |<r such that F(u)—F(x,)
€ —S. We reason as in the second part of the proof as above to deduce that x, is also solution to our
original problem.
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Abstract. First, based on 77-maximal monotonicity, a generalization to Rockafellar’s theorem
(1976) in the context of approximating a solution to a general inclusion problem involving a
multivalued 77-maximal monotone mapping using the inexact proximal point algorithm in a
Hilbert space setting is considered. Then an application to a minimization problem of a func-
tional on a Hilbert space is examined.The general framework for 77-maximal monotonicity gen-

eralizes the general theory of multivalued maximal monotone mappings.
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1 Introduction

Let X be a real Hilbert space with the norm|| . || and the inner product (-, ) We consider the nonlinear
inclusion problem: determine a solution to

0e M(x), 1

where M : X — 2% is a set-valued mapping on X.

* Corresponding Author. Email: verma99@msn.com.
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In [5], Rockafellar examined the problem of minimizing a lower semicontinuous proper convex
functional f'on a Hilbert space setting, where the proximal point algorithm

X = B (x"), 2

k+1

in exact form generates a sequence {x*} by taking x**' to be the minimizer of

f(x>+pi||x—xk 7, 3)

where p, > 0.

Indeed, the inclusion problem (1) encompasses a general class of problems of variational nature,
such as minimization or maximization of functions, variational inequality problems, and minimax
problems. The maximal monotonicity/ generalized maximal monotonicity has been a powerful tool to
studying convex programming and variational inequalities. It also turned out that one of the funda-
mental algorithms applied for solving these problems was in fact the proximal point algorithm and its
variant forms. Furthermore,, Rockafellar [6] applied the proximal point algorithm in convex pro-
gramming. For more details, we refer the reader to [1-22].

In this paper, we first intend to examine some results involving 7-maximal monotone and general-
ized firmly nonexpansive mappings. Second, we generalize Rockafellar’s theorem [5] to the case
n-maximal monotone mappings. Finally, we apply this generalization to a minimization problem. The
obtained results, in turn, generalize a general class of results, including the investigations involving
maximal monotone mappings.

2 m-Maximal Monotonicity Framework

This section deals with some results based on basic properties of 77-maximal monotonicity and other
results involving 7-maximal monotonicity and the generalized firm nonexpansiveness. Let X denote
a real Hilbert space with the norm ||.|| and inner product <-,->. Let M : X — 2% be a multival-
ued mapping on X. We shall denote both the map M and its graph by M, that is, the set {(x,y):
ye M(x)}. This is equivalent to stating that a mapping is any subset M of X XX, and M (x) =
{y:(x,y)e M}. If M is single-valued, we shall still use M(x) to represent the unique y such that
(x, )€ M rather than the singleton set {y}. This interpretation shall much depend on the context.
The domain of a map M is defined (as its projection onto the first argument) by

DM)={xe X:Jye X :(x,y)e M}={xe X :M(x)#J}.
D(M)=X, shall denote the full domain of M, and the range of M is defined by
RM)={ye X:Ixe X :(x,y)e M}.

The inverse M ™" of M is {(y,x):(x,y)e M}. For a real number p and a mapping M, let pM =
{x,py):(x,y)e M}.If L and M are any mappings, we define
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L+M={(x,y+2):(x,y)e L,(x,z)e M}.

Definition 2.1. A mapping 77: X XX — X is said to be:

(i) monotone if
(x—y,?](x,y)) >0Vx,ye X.
(i1) (7)-strongly monotone if there exists a positive constant » such that
(x=yne,»)yzrilx-y|IfVx,ye X.
(iii) 7-Lipschitz continuous if there is a positive constant 7 such that

In, ) [£z|[x=ylVx,ye X.

Definition 2.2. Let 77: XXX — X be a mapping, and let M : X — 2% be a multivalued mapping
on X. The map M is said to be:
(i) »-monotone if
e =v,n(u,v) || 20V (u,u”),(v,v')e M.

(i) m-pseudomonotone if

<v*,7](u,v)> 20> <u*,77(u,v)> 20V (u,u’),(v,v)e M.
(iii) (r,m) -strongly monotone if there exists a positive constant » uch that

<u* —v*,ﬂ(u,v)> Srllu—v|Vuu'),v,v)e M.

(iv) (m,n)-relaxed monotone if there exists a positive constant m such that

(" =V 7@,v)) 2 (=m) [|u=v |V @), (v, ) € M.

Definition 2.3. Let 77: X X X — X be a mapping, and let M : X — 2% be a multivalued mapping
on X. e map M s said to be:

(i) Nonexpansive if
lu" =V [[<||lu—v||V(u,u"),(v,v)e M.
(i1) »-firmly nonexpansive if
lu" —v' < <u* —v*,n(u,v)>‘v’(u,u$),(v,v*)e M.
(iii) (c,n) -irmly nonexpansive if there exists a constant ¢ > 0 such that

lu” =V [P<c{u” =V, 70,V @), ) e M.
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Definition 2.4. The map M : X — 2% is said to be 77-maximal monotone if

1. M is np-monotone
2. RU+pM)=X for p>0,
where / is the identity mapping.

Definition 2.5. Let M : X — 2% be an 7-maximal monotone mapping. Then the generalized re-
solvent operator J /f,] : X — X is defined by

T @)=+ pM) " (u).

Proposition 2.1. Let M : X — 2" be an 77--maximal monotone mapping. Then the operator (I +
pM)"is single-valued.

3 n-Inclusion Problems

This section deals with a generalization to Rockafellar’s theorem [5, Theorem 1] under the frame-
work of 77-maximal monotonicity. Furthermore, some results connecting 77- maximal monotonic-
ity and corresponding generalized resolvent operator are established.

Lemma 3.1. ([14]) Let X be a real Hilbert space, and let M : X — 2* be n-maximal monotone.
Furthermore, let 77: X X X — X be (f)-strongly monotone and 7-Lipschitz continuous. Then the
generalized resolvent operator associated with M and defined by

M _ -1
Jo,)y=U+pM)” (w)Vue X,
is (£) -Lipschitz continuous, that is,
T
15 @) =T W) | S?H u=vl.
Lemma 3.2. Let X be a real Hilbert space, and let M : X — 2% be 7-maximal monotone. Let

n:XxX — X be (f)-strongly monotone.Then the generalized resolvent operator associated with
M and defined by

Ja @)= +pM)" @)Vue X,
satisfies

1720 =T ) = 3 = ), ).

Proof. For any u,ve X, using the definition of the resolvent operator J* , we have

P

%[u 2 @)]e M2, ),
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and
%[v - J;‘f,] v)]e M(J;‘f,] (»).

Given that M is 7-monotone, we have

%{u —v= (), @)= Ty, 1T, ), T, (1)) 2 0. )

It follows from (4) that
(u=v,n(), ), T, ()

> (0 0) =, (T ), T, (V)
> 1)1}, @) =T )P

Theorem 3.1. Let X be a real Hilbert space, and let M : X — 2% be 77-maximal monotone. Then
the following statements are mutually equivalent:

(i) Anelement ue X is a solution to (1).
(i) For an ue X, we have
M
u=4J,, ),

where

JH )= +pM)" (u).

Proof. It follows from the definition of 77-resolvent operator corresponding to M.

Proposition 3.1. Let X be a real Hilbert space, and let M : X — 2% be p-maximal monotone.
Let 7: XXX — X be (¢)—strongly monotone and (7)— Lipschitz continuous. For an arbitrarily
chosen initial point x°, suppose that the sequence {x*} is generated by the proximal point algorithm

= 0@ 5)
such that
[ =a) (M) < g, (6)

for X &, <oo, and {p,} is bounded away from zero, and for {g, },{p, } = [0, ),

dist(0,5 (x**")) < ;—k, )

k

where S} (x) =M (x)+ p;' (x—x") and Z7_ &, < oo,
and the estimate
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I X1 = szﬂ () || < %dist((), S; (x*y), ®)

with J)! =+ p,M)", and {&},{p,} [0,%). Then (7) implies (8), and the estimate holds.

Proof. To show, (7) implies (8), let we S; (x**"). Then

pow+xte I+ p M) (X,
so we have
=+ p M) (pwtxt)= Jﬁ{,] (pw+xh).
Applying Lemma 3.1, we get
[ =g ()]
=\, (pw+x) =T ()|

PT
S%IIWH-

It follows that

T *
15 =3y ) 1< B i e we (),

which completes the proof.
We observe that Proposition 3.1, unlike in the case of Rockafellar [5], is not suitable to achieve
the weak convergence of the sequence.

Proposition 3.2. Let X be a real Hilbert space, and let M : X — 2% be n-maximal monotone. Let
n: XxX — X be (t)-strongly monotone. If, in addition,

<u —v,J;'{,](u) —ij,] (v)> > 7<u —v,r](Jf,](u),J,fﬂ (v))>Vu,ve X,

then, for J; =1-J

o We have (for y2>1)

. t—1 t .
(u=v,J; )= J; ) > Zﬂ_l lu=v]F +2;_1 [PAOEFACY

where J)' = (I+pM)™.
Proof. The proof follows from using Lemma 3.2, and a simple manipulation.

Theorem 3.2. Let X be a real Hilbert space, and let M : X — 2% be n-maximal monotone. Let
n7: XxX — X be (¢)-strongly monotone and weakly continuous in the second argument. Suppose
that (for ¥ >0)
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<u -V, J;‘f,] (u)—Jifn (v)> > 7<u —v,ﬂ(Jﬁ{ﬂ (u),JZn (v))>Vu,ve X. 9)

For an arbitrarily chosen initial point x°, suppose that the sequence {x*} is generated by the pr-
oximal point algorithm

X sz,fﬂ(x") (10)
such that
X =J) ()< g, (11)

where J)' | =(I+p,M)" ,and
1€ 1103 €[0,)

are scalar sequences with ¢, =X &, <o, and {p, } is bounded away from zero.

Furthermore suppose that the sequence {x*} is bounded in the sense that there exists at least one
solution to 0 € M (x). Then the following conclusions hold:
(i) For yt>1, we have

Qyt=D 15, () =2 [P =x7 [P =[S () P

X

(ii) The sequence {x*} is bounded.
(i) lim,__J; (x*)=lim,__ || x*" =x* ||=0 for p, > 0.
(iv) The sequence {x"} converges weakly to a solution of (1).

Proof. Suppose that x is a zero of M. For all k >0, we set
J, =1 —Jf,fq,].
Then from Theorem 3.1, it follows that any solution to (1) is a fixed point of J;f’”, and hence a

zero of J; . The proof of (i) follows from Lemma 3.2 and the following equality

lu=v =750, @) =T )W)+ I )= W) | Vu,ve X.

P
Next, we find the estimate
x5 =X =g <[ 2 =xT | =[x =T G|
SR G NM Cap)]|
=7, ,GH=x"| (12)
=[x =x" =" =T (N

= x" =x" =S (D).

Applying Proposition 3.2, for y¢ > 1, we have
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5 =¥ =T P
= et P2 =", T ) GO
< (=27 Dy o 27 ) R
2t -1 2t -1

ﬂWﬂHf%ﬂMWW

Since 27 —1|>0, and O<M<l, we have
2 2pt-1

k+1

16" =x" | g, " =X

It further follows that

k+1

I xS x4 (13)

Combining (13) for all k, we have
k
[ =X =T 4D

5 (14)
<X =x" || +e,.

Hence, the sequence {x*} is bounded.
Furthermore, it follows from (14) that

k
[ x* =x" (|| x° =x" [+ &,
; (15)
<X =x" || +e,.

Next, we estimate
[ —x" [P 2" =X =T () P e
+ 2|t —x* =S (¥ )lle,

< [t P~ (221 | (e

+2¢g ||xF—x||
snﬂ—fﬁ—g%%rnnﬁuﬂf+ﬁ
+2€,(||x0—x*|[+e)
2yt
21—
+ 2e (||x0—x*||+e,),

SR

k
1—1)2‘,\|J,-*(x')|\2 te,
i=0

where e, = Z:ZO £ < oo since {£,} is summable (and hence {£; } is summable as well).
As k — oo, we infer that
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k
YT () [P < oo implies lim,_,_J; (x*) =0.

i=0
This implies that
pi 1, (x") =0,
where p, is bounded away from zero. Since the sequence {x"} is bounded, it must have at least one
weak cluster point, say x”. It follows that there exists a unique element (u*,v*)e M represented by

u' +pv* =x* for all k. Since u* =J)' (x) and lim,__J;(x")=0, it implies that x* —u" —0
as k — oo, It further follows that

Ji (")

k

=0.

. k_ q.
lim, , V" =lim,_,_

Let {x*} be a subsequence of {x*} such that x*’ converges weakly to x”. Since x* —u* — 0,
it implies " also converges weakly to x”. Let some (#,v)€ M. Then the 7-maximal monotonic-
ity of M implies that

<77(u,uk),v—vk> >0 forallk >0.

Therefore, using the weak continuity of 77 in second argument, we have
(n(u,x'),v— 0) >0 forallk >0.
Since M is n-monotone, and (u, V) is arbitrary, it follows that (x’,0)e M, that is, x"is a solution
to (1).

Finally, it turns out that the weak cluster point of the sequence {x*} is unique under the assump-
tions of the theorem.

4 Application to a Minimization Problem

In this section, we examine a minimization problem to the context of the 77-maximal monotonicity.

Definition 4.1. Let f : X — (—oo,+c] be a lower semicontinuous proper convex functional on X.
The functional u" € X is said to be a subgradient of fat a point u iff

(1) f(u) #+ee,
(i1) inequality

SO = f) 2 (W' ,nv,u))Vve X. (16)

The set of all subgradients of f at u is called the subdifferential, of (u) of fat u. Let f: X —
(—oo,+co]be a locally Lipschitz functional on X, and let 77: X XX — X be (f)strongly monotone
and (7) -Lipschitz continuous such that df is 77-monotone, that is,
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<u* v, n(u, v)> >0,
where u* € df (u) and v' € df (v). Then df is 77— maximal monotone such that (for Vz")

wedf(v) & f(x)=f(0)2 (1", x),w)

& x€earg min(f—(.,w)).

This, in special case, is equivalent to stating that
Oc dof (x) © xe€ arg min f.
Thus, the generalized proximal point algorithm for M = df provides a minimizing method for f.

Now we are preparing for an application of Theorem 3.2 to the minimizing problem. A function
@: X — (—oo,+00] is said to be (&) -strongly convex if there exists a positive constant ¢ such that

H((1-Dx+Ax) < (1—ﬂ)¢(x)+ﬂ¢(x*)—%aﬂ(l—ﬂ) lx—x"IP,

where x,x" € X and 0< A <1.
For an arbitrarily chosen initial point x°, the the proximal point algorithm

=GN (17)

generates the sequence {x*} where J Z 2 =U+pM )", and {p,} is a sequence of positive real nu-
mbers. When M = Jf, this iterative procedure reduces to

k

X = arg min @, (x), (18)
where

t

(/?k(x)=f(x)+2
piT

[ x—x"|P. (19)

Theorem 4.1. Let M =Jf, and let the map ¢, be lower semicontinuous and (ﬁ) -strongly con-
vex. Furthermore, suppose that the sequence {x*} is generated by the proximal algorithm

k+1 _ M k
X ~ka1”(x)

under the assumption of Theorem 3.1, which satisfies the condition (7). Then we arrive at the follow-
ing conclusions:

(i) S; =9¢, in condition (7).

(ii) d¢, is lower semicontinuous and (ﬁ) -strongly convex, where

(iii) x* — x* weakly, where f(x") = min f.

(iv) f'satisfies

FEN =) Stpa) | =X [ (g + ] X = x4 ) —o0.
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Proof. To prove (i) if we just subdifferentiate ¢ both sides of (19), we get

a¢k(x)=8f(x)+%||x—x" = 8¢ (x) Vx.

k

For the proof of (ii), the definition of ¢, ensures the lower semicontinuity and (ﬁ) -strong convexity.
Next we prove (iii)-(iv) as follows: Since, in light of condition (19), a closed convex set dg, ()
is nonempty, there exists a unique element w* € d¢g, (x**') such that

W _L(xkﬂ _xk)e af(xk+l),
:
where
E
| w* || <=~ —0. (20)
T

Based on Theorem 3.2, let x" be the weak limit of the sequence {x}. Then, for 0€ df(x") and
using the subgradient inequality, we have

f(xk+])+<w )(xk+l 5 ),ﬂ(x*,xk+l)> < f(x*) = min f.

t
k _(_
Pt
It further follows that
FE = () (W~ (o =) 1))
Pt

+ * 4 +
<[ G X [ —(—T)(xk =X |
k

+ # t +
<[ G 10w H+(—T)||xk bl
k

: t :
STl =2t I vt I+l =2t
k

t
<L | [ ]
k

Finally, on applying Theorem 3.2 and (20), we have

+ * 4 + * + k
fE = f(x )Sp—llxk L=x g A1 =2t 1 0.
k
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Abstract. In this note, we derive the probability density function (pdf) for the sum of two in-
dependent triangular random variables having different supports, by considering all possible
cases. As an illustration, we obtain the value of pdf, for some selected values of the parameters,
involved in their definitions. We also give some graphs showing variation in pdf with variations

in the mode and two boundary points.

Keywords and phrases: triangular distribution, Laplace transforms, distribution of sum of

independent random variables.

1 Introduction

The triangular distribution is often used when there is only limited sample data, and especially in cases
where the relationship between variables is known but data is scarce. In 1997, Johnson explored the
advantages of using the triangular distribution as a proxy for the beta distribution. Advantages of
using triangular distribution over beta distribution have been discussed in detail in the book by Kotz
and Van Dorp (2004). Recently the triangular distribution is gaining popularity due to its use in
discrete system simulation and Monte Carlo simulation technique as noted by Banks et a/.(2000) and
Wright (2002) respectively. Antonia and Goncalves (2006) add some new applications of triangular
and trapezoidal distributions in the genome analysis, particularly, in the construction of physical

* Corresponding Author. Email: shyamkalla@yahoo.com, shyamkalla@gmail.com.
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mapping of linear and circular chromosomes. The distribution of sum of two triangular random vari-
ables X and Y is used in PERT analysis as referred by Johnson (1997) where the random variables
X and Y may be viewed as uncertainty of two independent consecutive activity durations and X+Y is
the overall completion time.

In this note, we derive the pdf of the sum of two non identical, independent and triangularly dis-
tributed random variables. The distribution of sum of random variables is of interest in many areas
of physics and engineering. For example, sums of independent gamma random variables have appli-
cation in problems of queuing theory such as determination of total waiting time, in civil engineer-
ing, such as determination of the total excess water flow in a dam. Since 1934, the problem of deriv-
ing the distribution of sums of random variables has received a great deal of attention and system-
atic procedures for determining such distributions have been well developed by many authors such
as Witner (1934), Aroian (1944), Cramer (1946, 1962) and Lukacs (1964, 1970) to mention a few.
The distribution of sum of two independent random variables has been obtained by several authors.
In this context the works of Albert (2002) for uniform variates, Moschopoulos (1985) and Holm
(2004) for gamma variates, Loaiciga and Leipnik (1999) for Gumble variates, Van Dorp and Kotz
(2003) for triangular variates (sharing the same support but not necessarily the same mode) are worth
mentioning. Recently Garg (2008) has obtained the distribution of sum of triangular and bilateral
exponential random variables. Here we aim to extend the work of Dorp and Kotz (2003) by taking
two triangular random variables lying on different supports.

2 Derivation of Pdf

A triangular distribution of a random variable X, is a continuous probability distribution with lower
limit @, , mode m, and upper limit b, . Its pdf on the support a, <x, <b, is defined as

—(b Z(XI)(_al) ) a, <x<m,

—a,)(m, —a

fi)=q " (1)
_2bmx) m<x<bh
(bl -4 )(bl - ml)

We take one more independent and triangularly distributed random variable X, on the support
a, < x, < b, having mode m,. To simplify the presentation, we assume without loss of generality that
both X, and X; are positive.

The pdf of the sum of two random variables W = X;+X, can be obtained by using Laplace trans-
form and its inversion noted by Springer (1979) and is expressed as

h(w) = L [L, fi(x)L, £,(x,)] @

where f,(x,) and f,(x,) denote the pdf's of random variables X; and X, respectively. The Laplace
transform of f,(x,) can easily be obtained as
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2 e*Slnl e*Sl'nl e*Sﬂ]
L(fiep=4 " @
e e 1 e
1 19 1
Similarly
2 —5sny e—smz e—saz
= \(m-a - + a, <x,<m
(bz_a2)(m2—a2)[( 2 2) —s S2 s2 ] 2 2 2
Li(f,(x,)) = (4)
(b . ) efsmz ~ efsmz N efsbz <y < b
(bz_az)(bz_mz) ’ ’ s Sz s2 T

Now, derivation of the pdf 4(w) requires consideration of four different cases where the values
of X;and X, are located in different segments of their domains. The four cases along with their sub
cases are shown in the Table 1.

Table 1. Cases and sub cases involved in determining the pdf of sum

S. No. Cases Sub-Cases

1 a <x <mand a, <x, <m, a, +m, <m +a,,a +m,=m +a,,a +m, >m +a,

11 a, <x, <m and m, <x, <b, a +b, <m +m,,a +b, =m +m,,a +b, >m +m,

111 m <x <band a, <x, <m, m +m, <b +a,, m +m,=b +a,,m+m, >b +a,

v m <x <band m, <x, <b, m +b, <b +m,,m +b, =b +m,,m +b, >b +m,
Results

Casel. g, <x, <mjand a, <x, <m,
We now obtain the expression for 4, (w) , the value of #(w) in Case 1. Using eq. (3) and (4) in eq. (2),
we get

~ e—.vm] e—.vm] e—xal e—.\'mz e—xmz e—.\'az
hl(W):le|:k1((m1_a1) s - 2 + §2 ][(mz—%) -t j:| (5)

—S N N

4

where k, =
(bl —-q )(bz —da, )(ml -4 )(mz - az)

On taking the inverse Laplace transform of the functions in the r.h.s. of (5), the value of /4, (w),
for different values of can be written as follows.
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2

3
m m m
+7(a1 —a,)—a,a,(m, +m,) +T+_2}

3

for w=m, +m,

2 2
h(w)= k[——+—(a1+a2)+w( a2 +%—a2m2—alaz]
2
2

a’a, a m
+ 2( L, —a)+— 5 +ala2m2+?l—72

for wza, +m,

3 2
w

2 2
h(w) =k {——+w7(a1 +c12)+w(mTl—a?2—alm1 —alaQJ

2 2 3
m aa a m
+—(a, —a)+——=+aa,m+—>+-—-
2 2 6 3

forwz=m, +a,

3 2

1
h(w)=Fk {W?—W?(al+a2)+%(al+a2)2—g(a1+a2)3} for w>a +a,

woow mm m
h(w)= k|:6 7(a1+a2)—w 71+72—a]m1—a2m2—a1a2 —71(611—612

2

2

(6)

(N

®)

(€))

Combining these equations according to the sub cases of Case I, the following expressions for

h, (w) are obtained on the support [a, +a, ,m, + mz:l .
If a,+m, <m +a,:

.3 2
woow w 1
ke, % ?—T(al-i-az)—k?(al-i-az)z _g(a1+az)3 } we (a, +a,,a, +m,)
[ , m alaz2 aj mg
ke, x E(mz—az) —T(al—az)—T-i-alazm2 —?—T we (a, +m,,m +a,)
h(w)= -
‘ woow m m
ke, % —?+7(a1+a2)+w 7+7—a1m1—a2m2—a1a2

2 2 3 3
m m2

3 3

Ifa+m,=m +a,:
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3 2 1
ke, X L—W—(al+az)+1(al+az)2——(al+az)3 we (a, +a,,a, +m,)
6 2 2 6
woow m’  m?
b (w) = klxl:_?+7(a1+a2)+W(71+72_a1m1_azmz_alazj (11)
m’ m? m m
+71(a1—az)—TZ(al—az)-i-alaz(ml+m2)—T1—?2} we (a, +m,,m, +m,)

If g, +m,>m +a,:

[ ? w 1
k, % ?—7(511-i—az)+5(al+a2)2—g(al-i-az)3 we (a, +a,,m +a,)
- 2 2 3 3
kX %(ml_‘ﬁ)z +m71(a1_a2)_%+a1a2m1_?1_m_; :|W€ (m, +a,,a, +m,)
how=1 o (12)
k, % —W—+—(a1+a2)+w(m—l+&—alml—a2m2—ala2]
6 2 2 2

2 2 3 3

m m m m
+71(al —612)—72(611 —a,)+aa,(m +m2)_Tl_T2

} we (a,+m,,m +m,)

Remark: For the remaining Cases II, III and IV the equations corresponding to egs. (6) to (9)
can be obtained on replacing a, = b,, a, = b, anda, — b, a, — b, in these equations respectively.

Now following the lines of Case I and using the new equations obtained in the light of the above
remark, we get the following components of 4(w) from A, (w) to A,(w) for the Cases I, Il and IV.

Casell. g <x, <m,and m, <x, <b,

4
(bl -4 )(bz —da, )(ml -4 )(bz - mz)

If a,+b, <m +m,:

Here k, =

3 2 2 2
k, Xl:—w?+w7(a] +bz)+w[—a?l+%—b2m2 —alsz

2 2, 3 3
+%(b2—al)+a122+a1b2m2+%—% we (a, +m,,a, +b,)

3

2 3
2 +a1b2m2—%—%} we (a, +b,,m +m,)  (13)

w m? ab
hy,(w) =1k, X|:3(b2 _mz)2 +72(b2 _al)_ 12

3 2 2 2
k, Xlzw?—%(al +bz)+w(—mT]+b?2+alm1 +a1b2]

m’ ab?
'|'71(b2_al)_L 3

b m
—albzml—zz+—' we (m, +m,,m, +b,)
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If a,+b, =m +m,:

3 2 2 2
k, X{—W?+W7(al +b2)+w[—a?‘+%—b2m2 —alsz

m; a’b a m
+72(bz_a1)+%+“1bzmz+zl_? we (a, +m,,a, +b,)

h,(w) = (14)
woow? m’ b2
k, X ?—7(a1+b2)+w —71+72+a,m1+a,b2
2 2 3 3
b b
+m7'(b2—a])—asz—albzml —?2+%} we (a, +b,,m, +b,)
If a,+b, >m +m,:
woow a m
k2)< —?+7(a1+b2)+w —7+7—b2m2—a,b2
m? a’b a m
+72(b2—a1)+ 122 +a1b2m2+?1—T2} we (a, +m,,m, +m,)
2 2b 3 3
hy,(w) = kzx|:_%(m1_a1)2+m7](b2_a1)+a]72_a1b2m1+%+n;_]:| we (m,+m,,a, +b,) (15)

3 2 2 b2
k, x{%—%(al +b,)+ w(—mTI+72+alm] +ab,

m? ab? b
+71(b2—a1)—%—a1b2m1—?2+71} we (a, +b,,m +b,)

CaseIll. m, <x, <bh and a, <x, <m,

4
(b —ay) (b, —ay) (b —m,) (m,—a,)

If m+m,<b+a,:

Here k; =
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woow m:  al
k3x{—?+7(bl+a2)+w j—;z—blml—blaz
2 b 2 3 3
+%(bl—az)+%+bla2ml+%——} we (m, +a,,m +m,)
2 3 3

2
hy(w) = k3x[—%(m2—a2)2+%(b]—a2)+bl%—b]a2m2+?+%} we (m+my,b +a,) (16)

3 2 2 b2
k, x[w?—%(bl +a2)+w[—%+7]+azm2 +ba,

2 b2 3 3

+ 2 b —a)- 2L _pam, -+ T2 we (b, +ay,b, +m,)
2 2 6

If m+m,=0b+a,:

2 3 3

@ m
2+b1a2ml+?2—Tl} we (m, +a,,m +m,)

m’ ba
+71(b1_a2)+ 12
Iy (w) = (17)

3 2 2 bz
k, XI:W?—WT(IJI +a2)+w(—%+7]+a2m2 +ba,

bla b m
L2 —ba,m, ——+—= we (m, +m,,b +m,)
2 6

2
m
+72(b1_a2)_
If m+m,>b +a,:
woow m>  a?
k3>{—?+7(b1+a2)+w 7‘—72—b1m1—b1a2
2 b 2 3 3
+m7'(bl—a2)+17az+b]a2ml+%—— we (m, +a,,b +a,)

2
bia, b wm

w m?
hy(w) = k3><|:—3(b1—m1)2+71(bl—az)—‘T+b1azml—?l—7l we (b +a,,m +m,) (18)
3 2 2 2
k_zx{w?—%(b,+a2)+w(—%+%+azm2+blazj

2 2 3 3

m a m
2 L 4y 1 2

+7(b1—a2)— —ba,m, ——+—} we (m, +m,,b +m,)

2 6 3

CaselV. m <x, <band m, <x, <b,

4
(b —a,)(b, —a, )b, —m, )(b, —m,)

Here k, =
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If m +b, <b+m,:

2 2
m_ - m,

3 2
k, x{%—%(bl +b2)+w(—7—7+b1m1 +b,m, +b1b2j

2 2 3 3
—m?'(b1 —b2)+%(b1 —-b,)—a,a,(m, +m2)+%+%} we (m +m,,m, +b,)

hy(w) = 2 2 o (19)
w 2, M, b1b2 , M,
k4>< —E(bz—mz) +7(b1—b2)+7—b1b2m2 +Z+T we (m1+b2,b1+m2)
3 2
k4x{—w?+w7(bl+b2)—%(b]+b2)2+%(b,+b2)3} we (b, +m,,b, +b,)
If m+b,=b+m,:
3 2 2 2
kp{w?—%(bl+b2)+w(—m71—%+blml+b2m2+blb2j
2 m2 m3 m3
h,(w) = —71(131—b2)+72(b1—b2)—a1a2(m1+m2)+T1+T2} we (m, +m,,m +b,) (20)
W oW w 1
k, % —?+7(b]+b2)—3(b,+b2)2+g(bl+b2)3 we (m, +b,,b,+b))
If m+b,>b+m,:
3 2 2 2
kp{w?—%(b,+bz)+w(—m71—%+blml+b2m2+b|b2j
mZ mZ m3 m3
—TI(bl—bz)ﬂ-Tz(bl—bz)—alaz(m1+m2)+71+72} we (m, +m,,b, +m,)
hy(w) = 2 . L @1
w m m
kp{—z(bl—ml)z—T'(ml—mz)+%—blb2ml+z'+?'}we (b, +m,,m, +b,)
3 2
k4x{—w?+w7(bl+b2)—%(bl+b2)2+%(bl+b2)3} we (m, +b,,b, +b,)
Illustration

We now find A(w) in the case when g, < a,, m, <m,, b <b, with m, = a,, b, = m, and the conditions
m, —a, =2(b, —m,), m, —a, = b, —m,. For this, consideration of appropriate expressions of 4 (w) to
h,(w) are required which, in turn, depend upon the relative magnitudes of the quantities a, +m,,

m +a,,a +b,,m +m,,b +a,, b +m, and m, +b, lying in the interval [q, +a,,b, +b, ] of the vari-
able w. For our case, it is easy to observe that the sequence of these quantities will be ¢, +a,< a, +m,

<m +a,=a,+b, <m +m,=b+a, <m +b, =b +m, <b +b,and hence the equations for this pdf
will be (10), (13), (17) and (21). Combination of these equations according to the respective inter-
vals give the pdf /(w) on the support [a, +a, , b, +b, | as shown below.
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3

2
h(w) =k, x| -2

w 1
6 7(“1+az)+5(a1+a2)2_g(al+az)3:|

we (a, +a,,a, +m,)

2 2 3 3 3 2
h(w) =k X %(mz_az) _72(‘11 _az)_alaz +a,a,m, _?_TZ:|+k2X|:_W?+W7(aI +b))
2 2 2 Zb 3 3
+w(_%+%_bzmz_alb2]+%(bz_al)+ LN .
we (a, + m,,m, +a,)
'3 2 m2 mZ m2 m2
h(w) =k, X —?+ (a, +a2)+w[ 21 +72—a1m1—a2m2—a,azj—i-Tl(al—az)—Tz(al—az)
3 bZ b3 3
+a,a,(m, +m, —%—%}-K X{ (b, —m,) +—% m; (b - )—a‘Tz+a1b2m2——2—%
B W m
+K, X| ——+— (b +a,)+w| -2
3 6 ) b +a)+w > >

we (m, +a,,m, +m,)

2 2 3 3
-—=-—bm, —blazj+mTl(b1 —a2)+bl%+bla2ml +a—2—%}

[ 3

2 2
h(w) =k, x| -2 ( e

2 m’ ab2
—71+?2+a1m1+a1b2j+7'(b2—a1) e
b3 m wow? m? b’ m? bla
s +?}+k [?—7(b1+a2)+w —72+7'+azm2+bla2 +72(b1—a2)— '22
woow m m;
— +k4>< ?—7(b1+b2)+w —7—7+b,m1+b2m2 +b|b2
3
(b =b,)- a,az(m,+m2)+m—+m2}

3
we (mI +m,,m, +b )

woow
h(w) = k4><|:—?+7(bI +b,)—

_?—7(611 +b2)+W

—ab,m,

ml o -b)+ 22

w 1
E(bl +b2)2 +g(bl +bz)3i|
we (m, +b,,b +b,)

It can be verified that integrals of above values of #(w), in the corresponding intervals, add up to
lie, [ " h(w)dw =1,
m2

Fig. 1 shows the pdf A4(w) for the above illustrated case for selected values of a,,a,,b,,b,,m, and

Figs. 2, 3 and 4 show the variations in 4(w) with respect to variations in m,,a, and b, respectively,
keeping others parameters fixed
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Fig. 1. h(w) for selected values of a,,a,,b,,b,,m and m, .
A:a =1,m =3,b =4 a,=3,m,=4,b, =5
B:a =Lm =50b =7 a,=5m,=1,b,=9
C:a =lm=70b=10; a, =7,m, =10,b, =13
D: g =Lm =9,b =13 a, =9, m, =13,b, =17

07 T T T T T T T

0.6

0.4

Fig. 2. h(w) for different values of m, with (¢, =0=a,,m =0.9,b, =2=0,)
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Fig. 3. h(w) for different values of a, with (¢, =0.5,m =1=m,,b =2=10,))

2°71

02k

Fig. 4. h(w) for different values of b, with (¢, =0=a,,m =1=m,,b =1.5)
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Abstract. In this paper, we study a particular type of convex fractional programming problem
and its dual under fuzzy environment. We present appropriate duality results for a fuzzy envi-
ronment using aspiration level approach. This study use linear membership functions to repr-

esent fulfillment of the decision maker’s degree of satisfaction.
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1 Introduction

Mathematical programming finds an extensive use in facilitating managerial decision situations in
a large number of domains. An important class of mathematical programming problems is fractional
programming which deals with situations where a ratio between physical and/or economical func-
tions, is maximized (or minimized).

There are many decision situations that necessitate consideration of uncertainties in working envi-
ronment best captured by fuzzy set theory. The concept of decision making in fuzzy environment
was first proposed by Bellman and Zadeh [1]. Subsequently, Tanaka et al. [2] made use of this con-
cept in mathematical programming. The use of fuzzy set theory in fractional programming has been
discussed by many authors, e.g. Luhandjula [3], Dutta et al. [4], Ravi and Reddy [5], Gupta and
Bhatia [6], Chakraborty and Gupta [7], Stancu-Minasian and Pop [8], Mehra et al. [9], Pop and Stan-
cu-Minasian [10].

* Corresponding Author. Email: pankaj guptalS@yahoo.com.
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The main focus in fuzzy fractional programming like other fuzzy mathematical programming pro-
blems has been placed on how to identify the best compromise solution yielding the highest possi-
ble degree of membership(overall satisfaction). It is natural therefore that the duality theory plays
an important role for attaining the goal in a fuzzy environment as well. However, only few studies
exploring duality in fuzzy fractional programming have appeared in literature. Lee et al. [11] de-
veloped a parallel algorithm and studied duality for a fuzzy multiobjective linear fractional program-
ming problem. Wu [12] developed duality theory in fuzzy optimization problems formulated by the
Wolfe’s primal and dual pair. Gupta and Mehlawat [13] studied duality for fuzzy linear fractional
programming under fuzzy environment using both linear and nonlinear membership functions.

In this paper, we attempt to generate duality results for a particular type of convex fractional pro-
gramming problem and its dual under fuzzy environment using the aspiration level approach desc-
ribed by Zimmermann [14]. The aspiration level approach used in the present study is based on the
fact that in practice a decision maker is more comfortable describing fuzzy constraints or establish-
ing aspiration levels for the objective and/or constraints than specifying a large number of fuzzy nu-
mbers for the various parameters of the problem. Moreover, the aspiration level approach is more eff-
ective as it does not require consistency in the decision maker’s judgment; the aspiration levels are
more like a probe than weighting parameters.

The present research relies on the fact that the duality between fuzzy primal-dual pair can be re-
laxed (with additional terms) from the conventional duality (without additional terms) owing to the
presence of fuzzy constraints (soft constraints) as developed by Bector and Chandra [15] for fuzzy
primal-dual linear programming problems. However, the duality results generated for a fuzzy envi-
ronment must conform to the corresponding results for the crisp situations. This implies that the
duality results for a fuzzy environment are a special case and lead to the corresponding results from
crisp situations. The concept of duality for a fuzzy environment used in the present study is well
supported by a significant amount of prior research for fuzzy primal-dual linear programming prob-
lems, e.g. Hamacher et al. [16], Rodder and Zimmermann [17], Liu et al. [18], Bector and Chandra
[15, 19], Bector et al. [20, 21], Vijay et al. [22].

This paper is organized as follows. In Section 2, we consider a pair of fuzzy primal-dual fractional
programming problems in which vague aspiration levels are represented by linear membership func-
tions. We establish appropriate duality results for a fuzzy environment. In Section 3, we present nu-
merical illustrations of the duality results and related situations. Finally, some concluding remarks
are made in Section 4.

2 Duality for a Fuzzy Convex Fractional Programming Problem

We consider the following convex fractional programming problem and its dual studied in [23].

(c'0)’

(PCFPP)min f(x) = 7
x

subject to
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Ax2b,

5

(DCFPP)max g(u,v) =b'u
subject to
A'u+dv* <2cv,

u,v=>0,

where 4 is an mXxn matrix, x, ¢ and d are column vectors with n components, b is a column vector
with m components. Let S = {x| Ax = b, x > 0} be the domain of feasible solutions for the primal pro-
blem (PCFPP). On domain S, assume that ¢'x > 0 and d'x > 0. Let 7 = {(u,v) |u 2 0,v >0, Au+dv’
< 2c¢v} be the domain of feasible solutions for the dual problem (DCFPP).

Consider following fuzzy versions of the (PCFPP) and the (DCFPP) in the sense of Zimmermann
[14]. Let us call them (FPCFPP) and (FDCFPP).

(FPCFPP)Find x € R" subject to

c'x)?
=L,
Ax>Db,
x20.

(FDCFPP)Find ue€ R™,ve R subject to
gu,v)=b'u>w,,
A'u+dv’ <2cv,

u,v=0.

Here “<” and “>" indicates that the inequalities are flexible and may be described by a fuzzy
set whose membership function represents fulfillment of the decision maker’s degree of satisfac-
tion and have interpretation of “essentially less than” and “essentially greater than” in the sense of
Zimmermann [14]. Also z, and w, are aspiration levels of the two objectives.

Further, let p,, p,(i=12,---,m), be subjectively chosen constants of admissible violations associ-
ated with the objective function and the constraints of the problem (PCFPP).

Next, we define linear membership functions # : R —[0,1] to obtain a degree of satisfaction in the
problem (FPCFPP).

Lif f(x) <z,
S T FACO e T (1)

Py

0if f(x)>z,+p,,
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Ho(X)
A
' > (%)
0 Zo  Zotpo
Fig. 1 Membership function for the objective function value goal
and
lif 4. x=b,,
— A
1) =1=2 A e <4 x <,
0if 4, x<b,—p,.
Hi(x)
A
— b.' > Aj.(X)
0 Dbipi 1

Fig. 2 Membership function for the fuzzy inequality constraint 4 x—b, > 0

@)

Using the “min” operator to aggregate the overall satisfaction and following Zimmermann [14],

the crisp equivalent of the problem (FPCFPP) is
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(CP)min— A
subject to
(A=-Dp, <z, - f(x), 3
(A-Dp, <4, x-b,, (i=12,---,m), 4
A<, ®)
x,A20, (6)

where 4. (i =1,2,---,m) denotes the i th row of the matrix 4 and b, is the i th component of b.

Let ¢,(j =0,1,2,---,n) be subjectively chosen constants of admissible violations of the objective
and the constraint functions of the problem (DCFPP). On the same lines as above, we obtain crisp
equivalent of the problem (FDCFPP) as

(CD)maxn
subject to
(11-1q, < gu,v)=w,, (7
(m-Dgq; <2cv—A,u—-dy’, (j=12,-,n), ®)
n<l, €)]
u, v, 20. (10)

Next, we establish appropriate duality results under fuzzy environment for the pair (CP), (CD).
Theorem 1. Let (x, ) be feasible for (CP) and (u,v,77) be feasible for (CD). Then
(=Dg'x+(A-Dp'us< f(x)-gu,v). (amn
Proof: Assume that S # ¢ and T # ¢. Multiply (8) by x =0, we get
N-1Dg'x<2x'cv—x'A'u—x'dv’. (12)
Also, multiply (4) by u =0, we get
A-Dp'usx'Au-bu. (13)
Adding (12) and (13), we get
@ -Dg'x+(A-Dp'u<2x'cv—x'dv’ —b'u,
or
(c'x)’

N=-Dg'x+(A-D)p'u<—bu—-d'x)* -(c'x)(d'x)"*) +T,
x
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or
£\2
(ﬂ—l)qIX+(ﬂ—l)p'u+b’u+(v(a”x)”2 —(C[x)(d[x)71/2)2 _ (Cdif) <0.
X
Therefore,
[ N2
(n-1q'x+(A-Dpu+bu— L <o,
d'x
or

(n-Dg'x+(A=-Dp'us f(x)-gu,v).

Hence the result.

The inequality (11) as defined above is a generalization of the crisp weak duality result, i.e. the
crisp weak duality inequality g(u,v) < f(x) is generalized to the fuzzy weak duality inequality g(u,
v) < f(x). In an economic analysis of the weak duality result, the fuzzy inequality assumes that the
decision maker is able to maximize or minimize the “utility functions” and thus take into considera-
tion all possible decisions of the competitors. Then, the decision maker can draw upon preference
functions for his losses from a simultaneous consideration of the competitor’s decision and his own.
Thus, we obtain a special kind of bounded relationship between the solutions that satisfy the deci-
sion maker’s assessments of prices and quantities in competitive situations, as opposed to a strict op-
timizer such as a maximizer or minimizer.

In order to satisfy the fuzzy inequality, some tolerance must be given for the satisfying solutions of
the decision makers, which is, in general, not bounded. By relaxing the fuzzy inequality, we allow
the decision makers to make decisions that maximize (or minimize) their utility functions, subject
to the bounded relationship defined in the inequality (11).

Remark 1. It may be noted that for A=1and 7 =1 (i.e. when the original problems are crisp),
the inequality (11) reduces to g(u,v) < f(x), which is the standard weak duality result in the crisp
duality theory. Also, for 0 < A <1 and 0 < 77 < 1, the situation remains fuzzy. For given tolerance levels
(p=p, pyr+sp,) and (¢ =q,,9,,°*,q,), the situation is quantified in the following expression:

(n-Dg'x+(A=1)p'u
Remark 2. In addition to inequality (11), adding (3) and (7), we can arrive at

(A=Dp, +(11-Dg, < (g(u,v)~ f(x)+(z, = w,)- (14

It may also be noted that the inequality (14) relates the relative difference of the aspiration lev-
els z, of f(x), and w, of g(u,v), respectively, in terms of their tolerance levels p, and ¢,. If in add-
itionto A =1and 77 =1, we also have z, —w, =0, then combining the inequalities (11) and (14) gives
f(x)=g(u,v),i.e. x and w are optimal for the crisp problems (PCFPP) and (DCFPP).

Since (CP) and (CD) are not dual in the conventional sense but only crisp equivalents of the fuzzy
pair (FPCFPP) and (FDCFPP), there may not be a direct or converse duality between them. How-
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ever, like the crisp convex fractional programming duality scenario, we can verify the extent to which
the crisp equivalent (11) of the fuzzy weak duality inequality is satisfied as an equality.

Theorem 2. Let (X, 1) be feasible for (CP), and let (u,v,77) be feasible for (CD) such that
(i) (T-Dg'T+(A-Dp'u=f(X)-g@v)
(i) (7-Dgq, +(A=Dp, =(g@,v)= f(X)+(z,—w,)
(iii) The aspiration levels z, and w, satisty w, —z, <0

then (X,4) is optimal to (CP) and (u,v,77) is optimal to (CD).
Proof: Let (x, 1) be feasible for (CP) and (u,v,77) be feasible for (CD). Using theorem 1, we have

(-Dg'x+(A-Dpu—(f(x)-gu,v) <0. (15)
From (i) we are given that
(7 -Dg'T+(A-Dp'u = f(X)~ g (@, V). (16)

The relations (15) and (16) imply that for any feasible solution (x, 1) of (CP) and for any feasible
solution (u,v,n7) of (CD), we have
(M=Dg'x+(A-D)p'u—(f(x)-gu,v))
ST -Dg'x +(A-Dp'u —(f(X)-g,v)).
This further implies that (X, A,i,7,7) is optimal to the following problem whose maximum value

1S zero,

max((?]—l)q’x+(ﬂ,—1)p’u_(f(x)_g(u,v)))
subject to

(A=-Dp, <z, - f(x),

(A=Dp, <4, x=b,, (i=12,-,m),
n-Dgq, < g(u,v)—w,,

(n-Dgq, <2cyv—A u—dy, (j=12,n),
A,n <1,

x,u,v=0,

A,n=0.

Now from the given condition (i), we have

(7 =1)g'X+(A =) p'ii —(f(X)-g(@,7)) =0. 7
Also from given condition (ii), we have
(77 =gy +(A=Dp, —(g@.7)~ f ()~ (2, ~ ) =0. (18)

Adding (17) and (18), we get
(7T -Dg'x +(A=D)p'u+(A-1)p, + (7T - g, +(w, —z,) =0.
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Since each term in the above sum is non-positive (because 4,77 <1) and, therefore, each of these
terms should each be equal to zero, i.e.
(M-1g'x =0,
(A-D)p'u=0,
(/T -Dp, =0,
(7-Dgq, =0,
w, =z, =0.
Since (A -1)p, <0 and (7—1)g, <0 (because 4,77 <1), we get
(A=Dp, <(A-Dp,,
and

(1—=Dg, < (7 =1g, -

But p, >0 and ¢, >0, so canceling p, and ¢,, we get —A>-1 (or A< A)and 7<77.

Hence the result.

In the present paper, since we are studying duality in a fuzzy environment, even if there is a strong
duality between the fuzzy primal-dual pair (CP) and (CD) in the sense of Theorem 2, strong dual-
ity will be achieved only in the fuzzy sense as g(u,v) = f(x).

Remark 3. In crisp situations (i.e. when A=1and 77 =1), we get the following expression: (17 —
Dg'x+(A—1)p'u = 0. Following (i), (ii), and (iii) of Theorem 2, we obtain g(u,v) = f(x), i.e. strong
duality in the crisp sense.

3 Numerical Illustration

Consider the following pair of primal-dual fractional programming problems.

2
(PCFPP)min f(x) = 20 +%)"
X, +2x,

subject to
2x,+x, 26,
x, +3x, 28,

x,x, 20,

(DCFPP)max g(u,v) = 6u, +8u,
subject to
2u, +u, +v: —4v <0,
u, +3u, +2v2 —2v <0,

u,u,,v=20.
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Take p, =2, p, =1, p, =2, and z, =1 for (PCFPP), the corresponding problem (CP) is
min— A
subject to
2Ax, +4Ax, —3x, —6x, +4x +x; +4x,x, <0,
—2x,—x,+A<-5,
—x, —3x, +24 < -6,
A<,
x,%,,A20.

The optimal solution of (CP) is at x; =0, x; =5.2, A" =0.20 and the optimal value of (CP) is
-A" =-0.20.
Now taking g, =1, ¢, =1, g, =2 and w, =1 for (DCFPP), the corresponding problem (CD) be-
comes
max7
subject to
—6u, —8u, +1n1 <0,
2u +u, +v —4v+n <1,
u, +3u, +2v' =2v+ 21 <2,
n<l1

u,u,,v,n=0.

The optimal solution of (CD) is at 7" =1, u, =0.40,u, =0,v" =0.72 and the optimal value of
(CD)is " =1.

For these optimal solutions, both the inequalities (11) and (14) are satisfied.

Since we are using an aspiration level approach in the present study, it is unreasonable for a de-
cision maker to choose aspiration levels that are too aggressive or too weak. If the aspiration levels
are too aggressive, then there are no achievable solutions and the decision maker is asked to relax
the aspiration levels. On the other hand, if the aspiration levels are too weak, then too many (perhaps
all) solutions may be identified as feasible. Hence, when using the satisfying approach, the decision
maker should choose his aspiration levels tightly.

The problems (CP) and (CD) are nonlinear programming problems. Although for medium or
large-sized problems one should expect that solving these nonlinear programming problems could
be computationally difficult, this is not the case. Many excellent software systems for solving nonlin-
ear programs are available. Some of them are based on Generalized Reduced Gradient Method de-
veloped by Lasdon and Waren [24], GRG2 [25], which can handle very efficiently large scale prob-
lems. We have used LINGO [26] that is an interactive interface to GRG2 to solve problems (CP)
and (CD).
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4 Conclusions

We limited our construction of primal-dual problems under fuzzy environment using linear mem-
bership functions in the present paper. Different crisp equivalents of the fuzzy primal-dual problems
can be obtained using other types of membership functions on the basis of the decision maker’s pref-
erences. It would be interesting to explore the possibility of establishing duality results under fuzzy
environment for such pairs of fuzzy primal-dual problems. The results obtained under fuzzy enviro-
nment for the dual examined in this paper may not be tenable for other types of dual for the fractional
programming problem under consideration. Thus, the choice of dual plays a significant role in the
theory development and hence is a major contribution in the present study.

The crisp equivalents obtained in the present paper are nonlinear (even nonconvex) problems,
where non linearity exists in the constraints. Software LINGO [26] has been used to solve the nu-
merical illustrations. The crisp equivalents can also be solved using fuzzy decisive set method [27]
and the modified subgradient method [28].
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Abstract. In this paper, we introduce the concept of second order duality for the control prob-
lems using p — (77, £, 8) — invexity type conditions. Weak duality, strong duality and converse du-
ality results of Mangasarian and Mond-Weir type of control problems are established under p —

(n,£,0) — invexity assumptions.

Keywords: second order duality control problem, p—(7,£,6) - invexity, weak duality, strong du-
ality, converse duality, Mangasarian and Mond-Wier type duality.

1 Introduction

The study of second order duality is useful due to the computational advantage over first order duality
as it gives bounds for the value of the objective function when approximations are used (see [7], [9],
[10]). Many researchers [1, 4, 6, 13] have discussed various properties, extensions, and applications
of generalized invex functions, for example in [17], Zalmai talked about p—(77,8)—invex functions.
A number of duality theorems for the control problems have appeared in the literature (see, for exam-
ple, [5], [8], [14], [15]). Mond and Hanson [11] discussed the dual for a class of variational problems
with differential inequality constraints and established some duality results. Mond and Smart [12]
extended the results of Mond and Hanson [11] for the control problems under invexity assumptions.

* Corresponding Author. Email: cnahak@maths.iitkgp.ernet.in.
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Second Order Duality for the Control Problems under o —(77,£,6) —invexity

In this paper we discuss the second order duality for the control problems under p —(77,&,6) —
invexity assumption and also study some duality results that is (weak, strong, converse). We give
many examples and counterexamples to justify our work.

2 Notation and Preliminaries

Let I =[a, b] be an interval (through out), f: IXR"XR"XR" - R, g:IxR"XR"xXR" - R" and
g IXR"XR"XR" — R* be twice continuously differentiable functions. Consider the function f(z,
x(t), x(t),u(t)), where x : I — R" and x denotes the derivative of x with respect to z. u, 4, and u are,
respectively, m—, r —and s — dimensional functions of ¢. Here ¢ is an independent variable. All vec-
tors will be taken as column vectors. The symbol z” denotes for the transpose of a vector z. Denote
the first partial derivatives of /' with respect to x(¢) and x(¢) by f, and f,, respectively, that is,

) 0l
) 0l
fo=lox, |, fi=] 0% |
Rl Rl
ax, 0%,

Denote f, the Hessian matrix of f'with respect to x(¥). Again g, the »xn, and 4, the s Xn Jacobian

matrix Wlth respeCt to x. Slmllarly f;l 2 fu s fu’u ’ f:m ’f,‘%u ’ fux ’ f’cx s f)o'c ) gu ’ gt'l 4 guu s gmk 2 g)'cu s gu,% 4 gx s gtx > g’cx
and h ,h, h, b, h, b ¢ h bk are also defined. In each Examples n and m are taken as 1

LR Xu > X270

and [0,1]° =[0,1]x[0, 1]x[0, 1]x[0, 1]x[0,1]x[0, 1].

uti >

Definition 1. The scalar functional H (x,x,u) = Ibh(t, x(0), x(0),u(?))dt is said to be p—(1n,£,6)—
invex in x, X and u with respect to the functions 7,0 : IXR" XR" XR" XR"xR" xR" — R" with
n=0att=aandt=>b,and &£ : IXR"XR"XR"xR"XR" xR" — R"” with pe R such that

H(xiu)—H(y, ) 2 [ {n"h,(. y(r),y'<r>,u<r)>+[%nTjhx. (&, (1), 7). V(1))

+&Th, (1, (), 7(0), () + p 1| 01, x(1), y(0), (), (1), u(@), (1)) | dr.

1

n 2
Here ||z || = (Z zfj is the standard 2-norm of a vector z, z; is the ith component of the vector z.
i=1

It follows that every invex function is p—(77,£,8) — invex but the converse is not true from the

following counterexample (1).

Example 1. Let 1 :7x[0,1]x[0,1]x[0,1] > R be defined by
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£, 50, u() = Ji@%m

The function J. f(t,.,.,.)dt is not invex with respect to any 77:7x[0,1]° =R and &:7x[0,1]°
— Rat y(t) =0 or v(¢) =0.But j f(,.,.,)dt is p—(n,&,0)— invex function for pe R—, y())v(¢) >
x(t)u(t), and any positive & and 7.

Definition 2. The scalar functional H (x,x,u) = jbh(t, x(1), x(t),u(t))dt is said to be p—(17,£,0)—
pseudo-invex in x, x and u with respect to the functions 77,8 : I XR" XR" xR"xXR" XR" xR" —
R"withn=0att=aandt=b,and & : IxR"XR"XR"XR"XR" xR" — R" with pe R such that

by 1 . d ; )
[ {0 b6y, 5@ v @) 4|~ ey, 50, 1(0)
+&7h, (1, y(0), 70, v(O) + p 1| 0, x(2), (1), 3(2), 7(0),u(®), V(@) | }di > 0.
= H(x,x,u)2H(y,),v)

It is noted that p —(17,&,0) — invex function is p —(77,£,0) — pseudo-invex but the converse is not
true, follows from the following counterexample (2).

Example 2. Let f: 7Xx[0,1]x[0,1]x[0,1] — R be defined by
,ﬂnMOJ0»=—§fUW%O

Let the functions 77: 7x[0,1]° = R, £:7x[0,1]° = R and 8:7x[0,1]° = R be given by

o _y@C(Du) = y(Ov(2)), it y(O)v(r) > x(0)u(t)
77(t,x(t),y(t),x(t),y(t),u(t),v(t))—{ 0’ lf y(t)v(t)Sx(t)u(t)

o _ v@O@u(@) = (@), i y(O)v(e) > x(@u(t)
f(t,x(t),J/(t),x(f),y(t),u(t),v(t))—{ 0, if y(w(o) < x(tu(d)

P @V OOV - x@u(), if y(@v() > x(Ou(t)

9(&x(t),y(t),x(t),j/(t),u(t),V(t))={ 0, If HEWE) S HOu(t)
, 1if y(Owv(t) < x(t)u

To show that j ’ f(t,.,.,.)dt is p—(n,&,0)— pseudo-invex we have to verify the following

f (1" 1. (2, y(0), 7(0), V(f))+( jf (£, y(6), (O, V(D) + & £, (L, y(), 7(1),v(1))

+p 116G, x(2), (1), 5(2), y(0),u(t),v(®)) |[*1dt = 0

= [ £ x50t = [ f (6,00, 50, v0)dr.

304 @ GLoeAL INFORMATION PUBLISHER
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Taking p =-1.

jf[anx(z,y(t),y'(r),v(t»+[%nfjf;(t,y(r),y'a),v(r))+nfff(t,y(t),y'(r>,v<t>)

+p |16t x(2), y(0), (1), y(2),u(®),v(®)) ||* 1dt
= 170 v (O w) - xu(o)de
>0, for y(t)v(t) > x(t)u(t).

Now Lb S (@, x(@t),x(2),u®))dt — Lb £t (), 9(t),v(0))dt

=[S0 0 =X o 0
>0, for y(t)v(t) > x(t)u(t).
Therefore our function J ’ f(t,.,.,.)dt is not p—(n,&,8)— invex but is p—(17,¢£,60) — pseudo-invex
for y(£)v(t) > x(t)u(t).

Definition 3. The scalar functional H(x,x,u) = Ihh(t,x(t), x(2),u(t))dt is said to be p—(1,£,0)—
quasi-invex in x, X and u with respect to the functions 77,80 : I XR" xR" XR" XxR" xR"” xR" — R"
withp=0atz=aand¢=b,and £: IXR"XR"xR"XR"xXxR" xR" — R" with pe R such that

H(x,x,u)<H(y,y,v)
= [ {1 ey, 500+ [%n ] I (8, y(0), 9(0),(0))
+&"h, (4, (), (0),v(@)) + p || 08, x(2), y(1),%(2), (1), (1), (1)) IIZ}df <0.

It follows that every p—(77,£,0) — invex function is p—(77,£,0) — quasi-invex but the converse
is not true, follows from the following counterexample (3).
Example 3. Let f: 7Xx[0,1]x[0,1]x[0,1] > R be given by
S (,x(0),%(0),u(?)) = —x* () (¢)
Let the functions 77: 7x[0,1]° = R, £:7x[0,1]° = R and 8:7x[0,1]° = R be given by

o _y@@v@) = x(@u()), it x(Du(r) > y()v(t)
77(t,x(t),y(t),x(t),y(t),u(t),v(t))—{ 0’ lf X(I)M(I)Sy(f)\/(l‘)
V(O (OV(O) = x(@Ou(®)), if x(Du(t) > y(O)v(r)

S, x(®), (1), %(1), y(0),u(t), v(1)) = { 0. if x(tuu(t) < y(OW(E)

P OV OO0 - x(0ue), it x(ut) > y@v()

9(%X(t),y(t),x(t),)'/(t),u(t),V(t))={ 0, if WS D
, 1f x(Hu(t) < y(¢)v
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Now
b
1

JL Ftxo.0,ue0dt = [ £t 30, 5000t [ 10" 360 50,0000
+&'f, (t,y(t),y'(t),v(t))+(%UTJﬂ(t,y(t),y'(t), V(1))
+ 116G, X(1), y(0), (1), 70, u(t), v0) | e |

= [ OV ) -2 (O (O + 45" OV Ox(Ou(t) (0 (0))

—py* (O (O)(x(O)u(t) = y(OW(@)) }dt
<0, for p=—4,and x(*)u(t) > y(t)v(t).

Hence the function J. ’ f(t,.,.,.)dt isnot p—(n,&,0)— invex, for p =—4, and x(*)u(t) > y(£)v(¢).

But
[ 7 xw i@ u@)de - [ £t 30,50, v(@)dr
=[Oy O -x @O @)ar
<0, for x(t)u(t) > y(O)v(1),
and

Lb{ﬂffx(t,y(t),y'(t),u(t))+(%ﬂrjﬂ(t,y(t),y‘(t),w))
(0, 7O, (0) + P11 6t x(0), (0, 50), 70, u(D), (1) I}

= [[{-20" v O @Ov©) - xOu) + py* OV OGOV - x(Ou(0)} dr
<0, for p=-4,and x()u(t) > y(t)v(t).

Therefore the function jbf(t,.,.,.)dt is p—(n,&,0)— quasi-invex, but not p—(7,£,0) — invex.

Consider the control primal problem

(CPY min [ £(1,x(0). (). u(t))dr,

subject to g(z, x(t), %(t),u(t)) <0, (1)
h(t, x(1), %(1),u(1)) = 0, )
x(@)=7, x(b)=7, ©)

where f, g and 4 are twice continuously differentiable functions from /XR" XR" xR" into R, R”
and R’, respectively.
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Mangasarian Type Duality

Mangasarian’s second order dual (MCD) of the control primal problem (CP) is given by
(MCD) max | {12, y(0), 5(0).v(0)) + A0 g1, y(0), 5 (0).7(1))
+(0)" (e, y(0), $(0), (1)) —%ﬂ(t)r [t 200, 50),v(0))
+( &, 6 (@0, 7O AD)) +(h, (1, 30, 7O M0O) 1(0))

—2%(& (&, y(0), (), () + (g, (£, y(0), 5. V() (D))

+ (R (6, 3(0), 5.0 u1(0)) ) +5—;(ﬁg (t, (), y(),v(t))
(6,20, 7O, AD)) o+ (B (6,10, 7O, v 1)) )| BO)
—%m)f [ £ @y (@0), 0, (0) + (2, (8, (0, (), W) A1)
+(, (&, y0), 5O, @) 1)), +2{f,, (& (), 7(0),(0))
+(£. ), 5O 0) D) +(h (& y0), 7O 1))} ¥}t
subject to
Sy @), 50, (0)) + g, (1, ¥(2), 3(0), (1) A1)

+h, (t,y(t),y'(t),V(t))T/l(t)—%(f,e (t, (), 3(28), (1))
+ (4, 1(0), (O, V() A0+ b (8, y(0), 3(0), v(0) 1(2)

[ £ (1 3@, @0, v(0) (2, y(0), 70, () A1)

x

(1,0, 5OV 1O), =2 (£, 0,70, 50,90 @

+(2. (6, 0, 7O, vO) A0)) o+ (e (8 30, 5O, (@) u1(0)) )
+%(fﬁ (£, y(0), 3(0), V() +( &, (6, y(0), (), () A(0)).
+(h (6,30, (0. v 1)) )| B6)=0
L6, 9(0), (0, v(0) + g, (1 y(0), 5O, v(0)" A(t)
+h, (£, (), (O VO) 1) +[ £,, (£, 3(0), 5(0),v(2))
+(2, (6,30, 5O, (@) A1) +(h, (1 (0), 70, v u(8)) ®)

2{ £, (6 30, 50, () + (2,6, 90, 7O, vB) AD)),
+(1, (3. 500 1), }710) ©
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y(@)=n, yb)=7, (7

AeR, u)e R, f(H)e R", y(t)e R", te I. (8)
Let
H, (1, y(0), 7O, (0, A0), 1(0) = [ (8, (), (), v(2)
+(&. 60, 7O V) A@®) +(h (& y0), 7M@) 1))

_2%(& (£ (), (), () +( g, (6. (), 3. V(D) A(D))

x

+ (B, (& (), 30, v(r))fu<r))x-)+j7(fﬁ (1, y(0), 7(0), v(t))
+( gt (@), O, v@0) AD)). +(h (1, y(0), O, 1)) ;)

and
H, (8, (), (0, (), A(0), 41(2))
=[ o @), 30, v(0)) + (g, (6, (0, (), (@) A1)
+ (1, (&, 70, 7O,V @) (@) +2( 1, (1, 1(2), 3(0),v()
+(g, (& (). JOVO) AD)) + (A (1 y(0), 3OO 1)), }

then H,is nxn, H,is mXxm symmetric matrix, and we can express the above dual (MCD) in the fo-
llowing form

(MCD) max f b { £, 3(0), p(@0),v(0)) + A1) g(t, p(2), (), (1))
+u(0)" h(t, y(0), (1), V(1)) —%ﬂ(t)f [H, (2, y(0), (£),v(1), A1), (1)) Bt
—% yO)" [H, (t, y(0), p(1),v(2), A1), 1(t)) | 7(2) } dt

Subject to
16, 9(0), 50, 9(0) + g, (8, y(0), (1), v(1))" A(2)
+h, (£, y(2), p(),v(0))" u(?) —%(ﬂ(f, y(0), y(1),v(1))

)
(6, y(8), (0, V() M) + b (1, 1(2), (1), () (1))
+[H, (1, y(0), 7(), (), A1), ()] B(£) = 0
1. 3@), (O, v(0) + g, (1, y(0), 7). w(1)" A(t) (10)

+h, (2, y(0), 7(0),v(0)" u(0) +[H, (8, y(6), (1), v(0), A@0), (1)) 7(£) = 0
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ya)=7,yb)=7, (11)
Ae R, ut)e R, B(H)e R", y(t)e R",te I. (12)

In the above problems, u(¥) is required to have piecewise continuous first and second derivatives in
the interval a < ¢ < b. x(¢) and A(¢) are required to be continuous in a <t < b; x(¢) and u(t) are req-
uired to be continuous in a <t <b except for values of ¢ corresponding to discontinuities of u().
The constraints must be fulfilled for all ¢, a <t < b, except that for values of ¢ corresponding to points
of discontinuity of u(¢), (2) and (9) must be fulfilled for right and left hand limits.

Theorem 1. (Weak Duality) Let (x(¢), u(¢)), and (y(2),v(¢), A@), (1), B(¢), y(t)) be feasible
solutions of (CP) and (MCD), respectively. Let _[jf(t,.,.,.)dt, 'fab/l(t)rg(t,.,.,.)dt and Lb,u(t)Th
(t,.,.,)dt be p,—(1,¢,0)— invex, p, —(17,£,0)— invex and p, —(17,&,6) — invex functions in x, x
and u on [ with respect to the same functions 77, £, 8, for p,, p,, p, € R with p, + p, + p, 20. If
there exist real valued functions (¢, y(2), y(¢), v(¢), A(t), t(t)) > 0, K (¢, y(¢), y(£),v(£), A(t), tt(¢)) > 0
on I XR"XR"xR" and te I with the following conditions:

B H, (&, y(6), 7(0),v(0), A1), () B(£) = k(t, y(2), 3(0),v(0), A1), () || BO) I, (13)
()" H (8, y(0), (0, v(0), A(0), () y(8) = k(t, y(2), 3(0), v(0), A0, ) || YO I, (14
(| H, (2, y(2), (), v(0), A1), (D)) [| < K (2, (1), (2), (1), A1), (1), (15)
| H, (2, y(2), (), v(0), A@), (D)) [| < K (2, (1), 9(0),v(0), A2), (1), (16)

%IIﬂ(t)ll[k(f,y(f),y'(t),V(t),l(t),#(t))||ﬂ(t)||—2H77||K(Z,y(t),y'(f),V(f),ﬂ(t),ﬂ(f))]20, a7

IO YO, 3OO | 70 -2 €| K30, 500, 20,40)]20, (18)
then the following inequality holds between the primal (CP) and the dual (MCD)
[ 7 x). 5@ = [ 1 f @90, 500,00+ A0) (2, y(0), 50, 7(0))
e B PO, FOME) = BOT H 30,3010, 20 4O BO)

—%y(r)’Hz (6 y (00, 50,90, A0, 1(0) Y(0)

Proof: Since (x(¢), u(t)), and (y(¢),v(t), A(2), u(¢), B(¢), ¥(t)) are feasible solutions of (CP) and
(MCD), respectively, we obtain
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[ £ 2@, 10, u@)dr =T £ 6,900, 50, v(0) + A0 26,110, 560),(0))
40" BE, (0,50 90) = B Hy (0,30, 30, 90, 20, L))

—% ()" H, (1, y(8), 9(0),v(1), A(6), s (1)) ¥()} lt

2| [! fex.xo.udr=[ 16050000
#| [ 20" gte.x0) 500 =[ 20 900,70, 5090 |
] [0 120,30 ue0dt [ 0" 3001 5O 00 |
#3 L BOT HL (20, 50,000, A0, ) Ble)ds
2 L PO HL 30, 50,0, 20, o) o)
(by (1), (2) and (32))
> [0 (1.0, 5@ 0) + £, (.30, 50 H0) A1)
1,0, HOMO) 10— (15O, 3OO

+ g, (8, y(0), (), (1)) A(x) + h (2, (0), (1), ()" (1)) |de
R HAIABOE O O SR BTOR ORI OFIO

(0,90, 30, O 10+ B0 H (0,50, 500,240, 10) Blo)
#2 [ HOT Ha 50,500,200 001
[0+ 1+ ) 1000, X(0),50), 9(0), 70,00, (0) |

(by integrating by parts and 77 =0 at = @ and ¢ = b, and invexity of
[ £t [ A0 s Yt and [ 0) S (1))

> [ "[=1" H, (0, y(0). 50, v(0). A0, s(0) B0) = & H, (1, (0), 5(0). (1), A0, () 7(0) ]
+ jf%[ﬂ(t)’Hl (&, (1), 30, (0), A0, () B + 7(O) H (8, (), (), v(0), A0), i(6) y(0) ] dt

(by (9) and (10); and p, +p, +p, 20)
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2 f:[— 7 1 K2, y(0), (0),v(0), A0), () || BO) | +%k(t, 9(0), (), (), A0, () || B(2) |I” |t
+J‘f[— [ S TK (@, y(0), 7(0), v(0), ), k) || () | +%k(t,y(t), 0,0, A0, () || (0 |I* | e

(by Schwarz inequality, and (13), (14), (15), (16))
=0.

(by (17), (18))

Hence the result.

We construct the following example which verifies the above Theorem 1, in which both the ob-
jective and constraint functions are p—(77,&,6) — invex. The following example is similar to that of Ex-
ample 1 in [3].

Example 4. Let us define f, g : 1x[0,1]%x[0,1]x[0,1] > R by

) 2
Fax@, @@ =" e 1-[ab).a,b20
—a

—A()(x* (t)u
b’ —a

A gt x(0), 5(0),u(0)) = O f—aba b2 0.

O OO~ ey
b —a?
[[rtaris %—(n,f,&)—invex, [[20) gty is %—(n,g, 6)invex, and | u(t)"h

(t,.,.,.)dtis —é—(?], £,6)—invex, with respect to same 77: I x[0,1]° > R, £: Ix[0,1]° >R and 6: 1
x[0,1]> = R defined as

H(0)" h(t, x(0),%(8),u(t)) =

,te I=[a,b]l,a,b>0.

YOOV = x(Ou(t), it y(O)v(e) > x()u(t)

1, x(2), y(2), X(0), y(2), u(t), (1)) = { 0. if yOW(r) < x(tyu(t)

OOV = x(Ou(t), i y(O)v(E) > x(Ou(?)

St x(1), y(1), (1), (0, u(1), (1)) = { 0. if p(O(e) < x(ult)

. . Ny @v(E) = x(@u(t), if y()v(t) > x(t)u(r)
0(t,x(t), y(1), x(2), y(2),u(t),v(?)) = { 0. if y(Ow() < x(Ou(d)

Here it is easily verified that be(t,.,.,.) dti Ib/i(t)T g(t,.,.,.)dt and jbﬂ(t)Th(t,.,.,.) dt are é—
(n,¢,0)— invex, e (1,¢,0)—invex and e (n,¢£,6) —invex functions respectively.

Now by taking x(¢) =%, u(t) =%, y()=t(1—¢) and v(¢) =1 for all t€ [0,1]. Herea=0,b =1,
and taking ¢ =§ the primal feasible and the dual feasible solutions are —0.0040 and —0.2981.
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Necessary conditions for the existence of an extremal solution for a variational problem subject
to the both equality and inequality constraints were given by Valentine [16]. Using Valentine’s re-
sults, Berkovitz [2] obtained the corresponding necessary conditions for the control problem (CP).
These may be stated in the following way. If (y(¥), v(¢)) is an optimal solution for (CP), then

Ho (8, y(0), 7O, (D) + g, (2, y(0), p(0), ()" A+ h (2, y(0), $(0), v(1))" (1)

19

=%(uofe(r,y(rxy‘(t),v(t))+gj(t,y(r),y'(rxv(r))%(r)+h,f(r,ya),y'(r),v(r))w(r)) (1)
Lo f, (& 3 (0), (O, () + g, (&, (0, (), () AUe) + h, (£, (0, 70, () u(t) =0 (20)
At) g, (t, y(0), (0),v(t)) =0 1)

AMr)e R” (22)

hold throughout a <t < b (except for the values of t corresponding to points of discontinuity of u(z),
(19) holds for right and left hand limits). Here #, is nonnegative constant, 4(¢) is continuous in a
a<t<b, and y,, A(t), 4(t) can not vanish simultaneously for any a <7 < b. It will be assumed that
the minimizing arc determined by (), v(¢) is normal, i.e., that 4, can be taken equal to 1.

Theorem 2. (Strong Duality) Let the Weak Duality Theorem 2.1holds between the control primal
(CP) and the Mangasarian dual (MCD). If (3(f), v(f)) be an optimal solution of (CP), then there exist
functions A(¢) and u(¢) such that (y(¢),v(t), A(t), u(t), B(¢) = 0,%(¢) = 0) is an optimal solution of
(MCD) and the optimal values of (CP) and (MCD) are equal.

Proof: It follows from Berkovitz results [2] that there exist A(¢) and (¢) such that (y(¢), v(¢), A(2),
U@, B() =0,y(t) =0) satisfies the constraints of (MCD). Equations (2), (21) and Theorem 1 shows
that optimal values of (CP) and (MCD) are equal.

Theorem 3. (Converse Duality) Let (¢, y(¢), y(¢), v(¢), A(t), t(t), B(¢), ¥(t)) be an optimal solu-
tion of (MCD). Suppose that j " f(trn)dt is p, —(1,E,0)— invex, j”z(t)f g(t,.,..)dtis p,—(1,€,
6) invex and | ") g(t,nr)dt is p, — (17, £,8)  invex functions with respect to the same 77, &,
0,and p, + p, +£})2 2 0. Also assume that

[ TAQY" 20,200, 50, v0) =" H 2, (0, 560, v(0), A1), (1) B0) ] e 2 0. (23)

[ T4 B, 01, 301, 9(0) = &7 H (1, 700, 30,9000, pa0), 1) 7(0) e 0. (24)

Then (y(¢), v(¢)) is an optimal solution of (CP).

Proof: Suppose that (y(¢), v(¢)) is not an optimal solution of (CP). Then there exists a feasible
solution (x(¢),u(¢)) of the primal (CP) such that

["ra.x@.30.m@)d < [ £t0. 5090 (25)
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bGiven thatj f(,.,.,.)dt is p,—(11,&,0)— invex, J A g(t,.,.,.)dt is p,—(1n,£,0) —invex and
I U h,.,.,.)dt is p, —(11,&,60) — invex with respect to the same 77, and 8. We have

["ra.x@.30.@@)di= [ £ey@. 500 de= [ 17 00,300, 50).v(0)
+[Zt jf (&, (0, 7O, () + & f; (6, y(0), 3(0), v(0)) (26)
+p 1| 6(2,x(2), 3(6), y(2), 3(0), u(), V()| }dt
using eqn. (9) in eqn. (26), we obtain
[ rex@.5@.m@)de-[ £ 0, 50.00)dr
> ["0" [ =g (6. y(0). 5OV AW = (1,70, 5(0).90O) 1(0)
+%{g;(r,y(r>,y'<r>,v(r>>%(t>+h;(r,y(r),y'(r),v(ﬂ)m(t)}

= H, (8, y(0), (), v(0), A0), k() BWO)] + & [, (2, (1), (1), v(1))
+ Py 1| 62, x(0), 3(2), (2, (), u(@), V()| }dt

=["-n" [ (r,y(t),y'(r),v(o)%(t)—%gi (1, (1), J(0), V()" A0 |
[ H (0,700, 50,00, A0, @) @) + [ & F (1, (1), 50). (o) d
+17 py 1601, x(0), 50, y(0), 50, u (@), 70 | de

> ["A0) 26,30, 50,7 (0)+ A0) 26, 2(0), (0, v(0) + EO) £, (8, 7(0), 70,10 )
411160 x(0), 50, 1), 5O, u(e), ) Yt + [ [ =pu0)" he, 7(0),50), (1))

+() Bt 3(0), (0, v(0) + E@O) By (1, 3(0), 30, () (D)
+ 0, 110, x(2), %(2), (), (0),u(0), ()|} dr

[ =" H (0,700, 5070, A0, @) B0y + [ & F (1, (1), 50, () d

{7y 110G x(0).3(0). Y0, 0.1V P dr
(by invexity of [ A()" g(t......)dr and | u(t)" h(t......)dr )
>0.

(by (39), (40) and p, +p, +p, 20)
which is a contradiction. Hence the result follows.
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Mond-Wier Type Duality

Mond-Wier second order dual (MIWCD) of the control primal problem (CP) is
(MWCD) max [ (£, y(0), 3(0),v(t))dr
Subject to
Fo (.30, 50, v(0) + g, (1, y(0), 7(1),v(1)" A(t)
+h, (2, (1), y(0), V()" (1) = % (S (6,30, (), v())

+ 8. (6, 3(1), (1), V(1)) A0) + h (6, 3(1), 5(0),v(0)) pu(t))
+[H, (t, y(t), p(6),v(t), A1), u(2))| B(£) = 0

1,30, 50, v(0) + g, (8 y(0), 7(0),v(1)" A1)
+h, (8, (0, Y0, V()" (6 + [ H, (¢, (1), (1), v(0), A1), u()) | 1(1) = 0

A0 g(t, y(0), 9(), (1) = B(0)" [H, (£, y(2), 7(1), v(2), A1), u(1))] B(£) = O
()" (e, y(0), 7(),v(1) = y(O)" [H, (¢, y(), (1), (), A1), u(£))] () = 0
@)=y, yb)=7,

Ae R, u)e R, (e R", y(t)e R, te L.

27

(28)

29

(30)

(€2))

(32)

Theorem 4. (Weak Duality) Let (x(£), u(¢)), and (y(¢), v(t), A(t), u(t), B(¢), ¥(t)) be feasible so-
lutions of (CP) and (MWCD), respectively. Let Lb f(,.,.,)dt, Lb A@®) g(t,.,.,.)dt and Lb,u(t)Th
(t,.,-,.)dt be p,—(1n,¢&,0)—invex, p, —(1,¢,0)—invex and p, —(77,£,0) —invex functions in x, %
and u on / with respect to the same functions 77,&,0 for p,, p,, p, 2R with p, + p, + p, 2 0. If there
exist real valued functions k(z, y(¢), y(¢),v(2), A(2), 1(t)) > 0, K (¢, y(¢), (), v(t), A(t), tt(t)) > 0 on I X

R"xR"xR™and t e I with the following conditions:

B H, (&, y(2), 7(0),v(0), A1), () B () 2 k(e y(0), (1), v(0), A0), u) || BO) I
()" H (8, y(0), (1), v(0), A1), () y(2) = k(e y(0), (1), v(0), A1), u) || YD) I,
(| H, (2, y(@), (), v(0), A@®), () [| < K (2, (), (2, (1), A1), (1)),

(| H, (2, y(2), (), v(0), A1), (D)) || < K (&, (0), (2, (1), A1), (1)),

| B [k, y(0), 7(0),v(0), ), (@) | B@) || =17 1| K (£, 3(2), 3(0), v(0), A1), 1(1))] 2 0,
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|7 | [k, (0, (), v(0), A0, O) | 7O | = 1| € 1K (2, (0), 3(2), v(6), A1), (1)) 2 0, (38)

then the following inequality holds between the primal (CP) and the dual (MWCD)

[ 7 xw, i@ u@)de = [ £, 30,50, v(@)dr

Proof: Since (x(¢), u(t)), and (y(¢),v(¢), A(¢), u(t), B(t), y(¢)) are feasible solutions of (CP) and
(MWCD), respectively, we obtain

[ 7@ x50 u@)de - [ £, 30,50, v(@)dr
> jj[n%(r,y(rxy'(r),v(r))+(%nfjfxr,y(r),y(r),v(r))
+& £, (6, (0), 9O, 0(0) + py || 0, x(0), %(0), y(0), (), u(®),v(O)| ]t
(by integrating by parts and 7 = 0 at 7= a and ¢ = b, and invexity of jb f(t,.,.,.)dt)
= [ [~ (0. y(0). 50O A0) = h, (1, y(0), 5090 2(0)
+%(g,% (1, 1(0), (O, V() A0) + i (8, y(0), 3(0), (1) (1))

= H, (1, y(6), 7(0),v(0), A), (D B+ &7 1, (8, (1), (1), v(1))
+ 2y 1| 62, x(0), 52, (1), (), u(@), V(D)) }

(by eqn. (27))
> [" 20 gty 5O V@) dr+ [ (@) (e, y(0), 5(0).v(0) dr
1A, 50 0) + £, (1 (0. 5O 0) Al
Iy (6, (0), 70,0 1) =" H (6, 3(0), 3500, (0, A0), 1(0) B0} e

(by invexity of [ A(0)" g(t......)dr, | (0)" h(t......)dr. (1), (2). (8)
and p,+p,+p, 20

= [T 8@ H, (1, (0), 300, v(0), At), (@) B0) + 70 H (1, 3(0), 3(0), (), AQ0), 1 (0) 7(0)
= &7 (6, (0), 50, V(1) A0, 1) () =" H, (8, 9(0), 3(0), w(0), A0, w(0) (1) | e

> [ [ k(2, y(0), 50,900, A0, 1) | B P+ (e, 7(0), 50, v(0). AW, (0 || 70
— 1 K (00, 700, V0, A, ) | 700 | =117 1| K (2, 90, 30), 960, Ae), @) | B | e

(by Schwarz inequality)
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= [ B [kt 700, 500,00, A0, 1) | B 1|~ 1711 K (6 300, 300, 7(0), ACE), pa2) )
#7170 ke, 90, 500,700, A, 1) | 70 1= 11 € 1 K (6, 960, 560, ¥(0), AGo), a(2)) | e

=0.

(by (37), (38))
Hence the result.

Theorem 5. (Strong Duality) Let the Weak Duality Theorem 4 holds between the control primal
(CP) and the Mond-Weir dual (MWCD). If (3(), v(¢)) be an optimal solution of (CP), then there exist
functions A(¢) and u(t) such that (y(¢),v(¢), A(¢), u(t), B(¢) = 0, ¥(¢) = 0) is an optimal solution of
(MWCD) and the optimal values of (CP) and (MWCD) are equal.

Proof: The proof is similar to that of Theorem 2.

Theorem 6. (Converse Duality)

Let (¢, y(2), y(£), v(¢), A(2), t(2), B(¢), ¥(¢)) be an optimal solution of (MWCD). Suppose that Jb f
()t is p, = (0.£,0)~ invex, [ AGW) gt )dt is p, —(7.£.6)~ invex and | A0) g(t.....)dt
is p, —(11,£,0) — invex functions with respect to the same 77,£,6, and p, + o, + p, 2 0. Also assume
that

[ A0 g6, 0, 50, v(0) =" H, 0, 7(0), 7(0),v(0), A0), (1) B0) ] 2 0. (39)

[T 0" B, 01, 300,900 & H (1, 70, 500, 9(0), pa0), 1) 7(0) e 0. (40)

Then (¥(¢), v(¢)) is an optimal solution of (CP).

Proof: The proof is similar to that of Theorem 3.
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Introduction

The bilevel programming structure is a class of hierarchical problem that show a two-stage decision
making process when the constraint region of the first level problem is implicitly determined by an-
other optimization problem.

General Bilevel Programming Problem (BLPP)is defined as,

(BLPP): M)?IX f(X,Y)
where Y solves
Max F(X,Y)
subjectto (X, Y) € S,
where S ={(X,Y): AX +BY <b; X,Y 20}.

Here, fiX, Y) and F(X, Y) can be linear or non-linear. (BLPP) has been used by researchers in
several fields ranging from economics to transportation engineering. (BLPP) is also used to model
problems involving multiple decision makers. These problems include traffic signal optimization [12]
and genetic algorithms [4]. There are numerous methods to solve (BLPP). The most notable among
them are cutting plane method [1,8,9], branch and bound methods [6,11,13] and the ranking method
[2,10].

There are many planning and /or decision making situations that can be properly represented by

a multi-objective programming model. Mathematically, a multi-objective programming problem
(MOPP), is defined as,

(MOPP): Max{f (X)=Z}
Max{f,(X)=Z2,}

Max{f,(X)=Z2,}
subjectto X € S,

where S is a feasible set and f,(X);{j =1,---,k}, be linear/non-linear.

In the late seventies and early eighties, a lot of papers have been published on (MOPP) problems.
White [14], in 1996, presented several equivalent mathematical programming formulation of the
problem for maximizing a function over the efficient set, in case of a polytopal feasible region and
linear function.

Indefinite Quadratic Programming Problem

Consider the indefinite quadratic programming problem (IQPP), given by
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(IQPP): Max Z(X)=Z,(X)Z,(X)=(C" X +a)(D" X + )
Subject to AX <b
X 20,

where X e R";be R";C,De R"; ¢, fc Rand Ae R™™.

The feasible region S = {X : AX < b; X > 0} is non-empty and bounded.

Both Z,(X) and Z,(X) are positive for all X € S.

Thus, the function Z(X) is both quasi-concave and quasi-convex on S. Therefore, the optimal
solution to the problem (IQPP) occurs at an extreme point of S.

Indefinite Quadratic Bilevel Programming Problem with Multiple Objective Functions at the
Upper Level

The indefinite quadratic multi-objective bilevel programming problem (IQMBPP) can be formu-
lated as,

(IQMBPP):  Max(f,(X,Y), £,(X,¥), -, £, (X, 1)
subjectto A4/ X + A Y <b'
X, Y>0
where for a given X, Y solves
M}:dX 2(X,Y)
subject to 4°X + AY <b
Y>0,

where f,(X,Y)=Z,(X,Y). Z,(X,Y); i=1,-k
Z, (X, V)=c, X+d,Y+a; i=1-k
Z,(X,Y)=c, X+d,Y+B; i=1-k
gX.Y)=(p X +p,Y +9) (¢, X +q,Y +0).

Here, Xz{xl""’xm}e R"l’Yz{yl,...’ynl}e R™
c,eR"; i=L-k; d,,d,eR"™; i=1--k

il

Cirs
a,BeR; i=1--,k

Al1 e R™™; A; e R™™; p'leR™,
Al2 e R™™; A22 e R™™: p2eR™,

PP, €R"; q,q,€R"; y,0eR
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The objective functions at both the levels are the product of two positive valued affine functions,
hence, they are quasi-concave.

Let S, ={(X,V):AX+A4Y<P; 4 X+4Y<b;X,Y20}.

The polyhedron S, defined by the constraint region of the (IQMBPP) problem is assumed to be
non-empty and compact.

Define the lower level problem as follows:

For a given X = X >0, Y solves

(IQMBPP(X)) : Max g(X.Y) = (p.X +p,Y +7) (¢ X +¢,Y +0)
Subject to 47Y <b* — A’ X
Y >0,

The feasible region of the lower level problem is S(X)={Y: Y <b* — 4} X;Y 2 0}.

The inducible region or the feasible region of the upper level problem is defined as S={(X,Y)e S,
Y solves Myax g(X,Y), for a given X}.

It is assumed that S is non-empty and the optimal solution of (IQMBPP ( X)) is singleton.

Bilevel Feasible Solution

Since S is non-empty, therefore, for each value of the upper level problem, the lower problem has a
feasible solution. Thus, any point of S is a bilevel feasible solution.

Efficient Solution

A bilevel feasible solution (X,Y)e S is an efficient solution of (IQMBPP) if there is no (X, Y) €
S, such thatfl_()?y) < f(X,Y), for i=1,---,k and f,-(;(y) < f,(X.Y), for some je {l,---,k}.

Efficient Set
The set of all efficient solutions is denoted by (SE) and is called the efficient set.
Solving (IQMBPP) Problem

In order to solve (IQMBPP) problem, consider the multi-objective problem at the upper level, given
by
(IQMULPP): M)?x(fl(X,Y),fz(X,Y),~~-,fk(X,Y))
subject to (X, ¥) € So.

Since S, is non-empty and compact and f;5(i =1,---,k) are quasi-concave function, therefore, the
optimal solution corresponding to each objective function f(X,Y),i =1,---,k, lies at an extreme point
of Sy. If this is also a point of S, then it is an extreme point of inducible region S, [3].
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Consider (IQMULPP) problem with the first objective function fi(X, Y). Let its optimal solution
be (X', Y'). Because of our assumption that optimal solution is unique, it becomes an efficient solu-

tion of the given problem.
Otherwise, put X = X' in the lower level problem. Let the optimal solution of this problem be

X', .

If Y' = ¥,, then (X', Y') is a bilevel feasible solution. Find that (X', Y") which is an efficient so-
lution of (IQMBPP) problem.

If Y'# Y, then solve the problem (IQMULPP) with second objective function and repeat the
process till an efficient solution of (IQMBPP) problem is obtained. If not, then find the second best
solution of first objective function and repeat the process with the objective functions f,(X,Y);

i=2,---,k. Finally, we will get an extreme point which is an efficient solution of (I(QMBPP) prob-

lem because extreme points of S are contained in S.

Algorithm to Solve IQMBPP) Problem

Step 1

Step 2

Step 3

Step 4.1
4.2

4.3

Step 5§

Consider the (IQMULPP) problem as
Max((; (X, 1), £, (X, 7))
subject to (X, ¥) € S
Seti=1.
Let (X', Y') be an optimal solution of £i(X, Y) for i =1,---,k.
Put X = X' in the follower’s problem, as
Myelxg(Xi,Y) =(p X' +p,Y +7)q, X +q,Y +0)
subjectto 4Y <b* — 47X’
Y=0.
Let (X, y) be its optimal solution.
If Y =y, then (X, Y') is a bilevel feasible solution of (IQMBPP)
IfY #y,seti=i+1.
Go to step 2 and repeat the process.

If no bilevel feasible solution is obtained, find the next best solution of the first ob-
jective function. Go to step 3 and repeat the process with fi(X, Y);1=2,....k.

From the set of bilevel feasible solutions, find the efficient solutions of the prob-
lem (IQMBPP).

Example 1: Consider the following indefinite quadratic bilevel programming problem with multi-

objective functions at the upper level:

(IQMBPP):

Max f,(x,,%,,%;) = (x; +2x; +3)(3x, +2)
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M{axfz(xl,xz,xS) =2x,+x,+2)(x; +1)
subject to 3x, +x, +2x; <5
X, +x,<3
where (x,,x,) solves
Max g(x,, x, ,x;) =(x, +1)(x, +x, +x; +3)
subject to x, +2x, +x; <2
3x,+2x, <6

X, %,,%, 2 0.
Solution: Consider the multi-objective problem at the upper level, given by
(IQMULPP): I\/Ixaxf1 (%, %5, %) = (o, +2x, +3)(3x, +2)
M}lxﬁ(xl,xz,x}) =(2x, +x, +2)(x, +1)

subject to 3x, +x, +2x; <5
X, +x,<3

X +2x,+x, <2 (D
3%, +2x, <6

X,%,,%, 2 0.
Solve the first objective

Max f,(x,,%,,%;) = (%, +2x, +3)(3x, +2)

subject to the constraints (1).
The optimal table for the above problem is

= 1 0 2 0 0 0 0

d, - 0 3 0 0 0 0 0
C, | Dy | 'V, X, X, X, X, X, X5 Xy X,
0 0 | x, 4 5/2 0 3/2 1 0 -1/2 0
0 0 | x 2 -1/2 0 1/2 0 1 -1/2 0
0 3] x, 1 1/2 1 1/2 0 0 1/2 0
0 0| x 3 -3/2 0 1/2 0 0 -3/2 1
Z,= 3 z}l— c; = -1 0 -2 0 0 0 0
Z,= 5 z}.z— d,—| 3/2 0 3/2 0 0 3/2 0
L, - _—1+30 0 _—11+30 0 0 2 0

2 2 2 2

The optimal solution of fi(x;, X, x3) is (0, 1, 0).
Put x;= 0 in the lower level problem, we get

Max g(0,x,,x;) = (x, +1)(x, +x; +3)
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subject to 2x; +x3< 2
3X2 + 2X3 <6
X2, X3 >0.

The optimal solution of the lower level problem is (1, 0).

Thus, (0, 1, 0) is a bilevel feasible solution.

Again, repeating the process with the second objective function, f5(x;, x,, x3), of the upper level,
we getx;=1,x=0,x3=1.

Putting x; = 1 in the lower level problem, we find that (1, 0, 1) is not a bilevel feasible solution.

Finding the second best solution of f;(x;, x, x3), we find that (%,%,Oj is a bilevel feasible solu-

tion. Repeating the same method for f;(x1, x,, x3), bilevel feasible solution is [%,%,Oj .

Thus, the efficient bilevel feasible solutions for the above problem are (0, 1, 0) and %,%,O .

The efficient solutions for the problem (IQMBPP) are (0, 1, 0) and (%,%, Oj.

Indefinite Quadratic Bilevel Programming Problem with Multiple Objective Functions at Both
Levels

In this section, we will be considering the indefinite quadratic bilevel program with multi-objective
functions at both levels (IQBMPBL). It is defined as,

(IQBMPBL): M)?lx(gl(X,Y), g,(X.Y),--,g.(X.Y))
subject to B/ X +B)Y <u!'
where Y solves
Myax(hl(X,Y), hy(X,Y),,h(X,Y))
subjectto B’ X + BJY <u’
X,Y =0,
where g, (X,Y)=(p, X +q,Y+¥%) (p,X+q,Y+3,);i=1--,s;
h(X,Y)=(a,X+b,Y+n,) (a,,X +b,Y +¢,); j=1,-.1;
Here, X ={x,,x, }e R, Y={y,,y, }e R"
PusPn€R™i=1s
Gi>qn € R™;i=1,5:%,0 € Rji=1-s
a

b

Jr

a,e R™; j=1,---,t;

J1

bjz € RM; jzl,...,t; 77,~, ¢j € R;jzl,---,t
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Ble R"™™; BleR™"; u'eR™
B|2 1= Rmpm}; B22 1= Rm4><n4; u2 e RmA
Let S, ={(X,Y):B'X+BY<u'; BX +BY <u’; X, Y 20}.

Here, the constraint region Sj is a polyhedron for the problem (IQBMPBL). Also, S; is assumed to
be non-empty and compact.
The lower level problem can be defined as,

(IQBMPBL (X))): Myax(h1 (X,,Y), hy(X,,Y), -, h(X,,Y))
subjectto B;Y <u’—Bl X,
Y>0.
The feasible region of the lower level problem is
T(X)={Y:B)Y<u’-B}X;Y>0)}.
The inducible region of the upper level problem is
T={X,Y)e S, 1Y solves Myax(hl(X,Y);n,h[(X,Y)), for a given X'}.

Again, T is assumed to be non-empty and the optimal solution of IQBMPBL (X)) is singleton.

Algorithmic Development for (IQBMPBL) Problem

Here, S; is non-empty and compact set. The objective functions at both the levels, that is, g;’s (i =1,

--+,s) at the upper level and 4/’s (j =1,---,¢) at the lower level, are the product of two positive valued

affine functions. Hence, the objective functions at both the levels are quasi-concave functions.
Consider the multi-objective problem at the upper level.

(IQBMPUL) MXaX(gl(XUY)) gz(XlaY)a”'ags (Xa Y))
subject to (X, Y) € Si.

Singe g;’s are quasi-concave functions, therefore, the optimal solution for each g,(i =1,---,s) exists
at an extreme point. If this is a point of 7', then this is the extreme point of the inducible region, T,

[3].
Algorithm to Solve IQBMPBL) Problem
Step 1 Consider the (IQBMPUL) problem, defined as
(IQBMPUL): M)?tx(g1 (X,Y), g,(X.Y),"--,g.(X,Y))
subjectto (X, Y) € Si.

Step 2 Seti=1.
Let (X, Y') be an optimal solution of g,(X, Y), for each i =1,--,s.
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Step 3

Step 4

Step 5.1
Step 5.2
Step 5.3
Step 5.4

Put X = X' in the follower’s problem, as
Myax (h (X', Y),j=1-1,
subjectto ByY <u’ - Bl X'

Y = 0.

Setj=1.
Let (X', Y)) be an optimal solution of (X, Y).

IfY = Y;, then (X', ') is a bilevel feasible solution of (IQBMPBL) problem.
If V' # Y;, setj =j+ 1. Go to step 4 and repeat the process.
IfY # Y, forany j=1,---,t;seti=1i+ 1. Go to step 2 and repeat the method.

If no bilevel efficient feasible solution is obtained for any i =1,---,s and for any

j=1,---,¢; find the next best solution of the first objective function, g(X, ¥). Go to Step 3 and
repeat the procedure with g,(X,Y);i=2,---,s.

Step 6

(IQBMPBL).

Example 2 :

From the set of bilevel feasible solutions, find efficient solutions for the problem

Consider the following indefinite quadratic bilevel programming problem with

multi-objective functions at both levels,

(IQBMPBL): Max g,(x,,x,,X;,X,) = (2x, + x, + X3 +3)(x, +2x, +2)

Max g,(x,,X,,%;,%,) = (x, +2x;, + x, +4)(x, + x; +2)

subject to 2x, +x, +x; <8

2x, +x,+x, <6

2x, +x, +x, <12
where (x;,x,) solves
Max i (x,,x,,%;,%,) = (2x;, + x; +x, +1)(x, +x, +x, +3)
Max h, (x,,%,,%;,%,) = (2x, + x, +x; +2)(x; +x, +4)
subject to —2x, +4x, +x, +2x, <16

X, +2x,+x, <5

XXy, %5,%, 2 0.

Solution: Using the algorithm, the bilevel feasible solutions of the above problem are,
(7/2,1,0,4),(7/2,0,0,5), (0, 1,0, 4), (0,0, 0, 5),
(11/4,0,5/2, 0), (13/6, 7/3, 4/3, 0), (0, 0, 5/2, 0), (25/6, 1, 0, 4)
(0, 7/3, 4/3, 0).
The set of efficient solutions for the problem (IQBMPBL) is
{(0, 0,0, 5), (0, 0,5/2,0), (0, 7/3, 4/3, 0)}.
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About this book

The present book discusses the Kuhn-Tucker Optimality, Karush-Kuhn-Tucker Necessary and
Sufficient Optimality Conditions in presence of various types of generalized convexity
assumptions. Wolfe-type Duality, Mond-Weir type Duality, Mixed type Duality for Multiobjective
optimization problems such as Nonlinear programming problems, Fractional programming
problems, Nonsmooth programming problems, Nondifferentiable programming problems,
Variational and Control problems under various types of generalized convexity assumptions.

Written for:

Researchers




NIENEL Fl 'S FES& ARG
NEIE TSl iFN IR T AT

About this book

i
1

1

I

1

1

I

1

]

I

L}

1

I

1

1

I

1

1

I

1

1

I

1

1

I

]

1

I

1

1

I

1

1

I

L}

L}

! V-INVEX FUNCTIONS AND VECTOR OPTIMIZATION summarizes and synthesizes an aspect
i of research work that has been done in the area of Generalized Convexity over the past several
! decades. Specifically, the book focuses on V-invex functions in vector optimization that have
| grown out of the work of Jeyakumar and Mond in the 1990’s. V-invex functions are areas in
: which there has been much interest because it allows researchers and practitioners to address
! and provide better solutions to problems that are nonlinear, multi-objective, fractional, and
i continuous in nature. Hence, V-invex functions have permitted work on a whole new class of
' vector optimization applications.
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. researchers including Kuhn, Tucker, Geoffrion, Mangasarian, Von Neuman, Schaiible, Ziemba,
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