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Unifying Efficiency and Weak Efficiency in Generalized 

Quasiconvex Vector Minimization on the Real-line♣ 

Fabián Flores-Bazán1*, Cristián Vera2 

1 Departamento de Ingeniería Matemática, Universidad de Concepción, Casilla 160-C, Concepción - Chile 
fflores@ing-mat.udec.cl 

2 Facultad de Ingeniería, Departamento de Matemática y Física Aplicadas, Universidad  
Católica de la Santísima Concepción, Casilla 297, Concepción - Chile  

cristianv@ucsc.cl 

Abstract. Usually the concepts of efficient and weakly efficient solution are associated to a mul-
tiobjective optimization problem. Both notions may be described in terms of a preference relation 
determined by a closed convex cone with nonempty interior - typically the nonnegative orthant 
of a finite dimensional space. We present a unified approach for dealing with both notions at the 
same time under generalized quasiconvexity assumptions on the objectives defined on the real-
line. Since most algorithms in scalar minimization involve the solvability of a one-dimensional 
problem to find the next iterate, it is expected that our results be applied in the vector case. 

We established several characterizations of the nonemptiness of the solution set, and also 
various characterizations when besides boundedness is required. To that end we used a notion 
of relaxed convexity for vector functions introduced ealier by one of the authors. 

Keywords. nonconvex vector optimization, quasiconvex vector functions, efficiency, weak 
efficiency, generalized convexity. 
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1  Introduction and Formulation of the Problem 

In multiobjetive optimization several criterion functions must be minimized simultaneously. Very 
often, no single point minimizing all criteria at once may be found, and so the concept of optimal-
ity has to be modified. Usually, the notion of efficient or weakly efficient solution is considered. A 
point is called efficient or Pareto-optimal, if there does not exist a different point with smaller or 
equal objective function values, such that there is a decrease in at least one objective function value; a 
point is called weakly efficient or weakly Pareto-optimal, if there exists no other point with strictly 
smaller objective function value. Both notions may be described in terms of a preference relation 
determined by a closed convex cone with nonempty interior - typically the nonnegative orthant of 
some .mR  

More precisely, given a nonempty set ,nK ⊆ R  a closed convex cone ,mP ⊆ R  and a vector-valued 
function, : ,mF K → R  a point x K∈  is an efficient solution to the problem 

min{ ( ) }F x x K: ∈  (1)

if 

( ) ( ) \ ( ) ,F x F x P l P x K− ∉ − ∀ ∈  (2)

where ( ) ( );l P P P= −I  whereas when int 0,P x≠ /   is a weakly efficient solution to (1) if 

( ) ( ) int .F x F x P x K− ∉ − ∀ ∈  (3)

We denote by ( )E E K=  the set of efficient solutions to (1), and by ( )W WE E K=  the set of weakly 
efficient solutions. Since \ ( \ ( )) \ ( int ),m mP P l P P⊆ − ⊆ −R R  every efficient solution is also weakly 
efficient. We refer to [24, 25, 19] for a theoretical treatment of even more general vector optimization 
problems. 

Problem (3) has been extensively studied mainly when ;mP += R  among the recent publications for 
the existence of weakly efficient solutions, we quote [7, 13, 15, 16, 17, 24, 27, 9] and references th-
erein; whereas results about existence of efficient solutions may be found in [10, 12, 19, 25]. 
The case K ⊆ R  is of particular interest since it is known that most algorithms in scalar minimiza-
tion (e.g. Newton, gradient, projection methods) require to solve a one-dimensional minimization 
problem. It is expected that similar devices be applied in multiobjective optimization. Thus, purpose 
of this work is to give a unified approach for both problems in the particular case when K ⊆ R  
under generalized quasiconvexity assumptions, so we will be interested in the problem: 

find ( ) ( )x K F x F x S x K∈ : − ∈ ∀ ∈ ,  (4)

where S is a cone satisfying .S P S+ ⊆  This inclusion is satisfied if either \ ( \ ( ))mS P l P= −R  or 
\ ( int ).mS P= −R  

Although in recent years nonlinear-scalarizations schemes are being employeed in multiobjetive 
optimization problems-specially in the absence of the standar convexity assumptions ([11])-the linear-
scalarization tool, or weighting method, is among the main procedures, even in the quasiconvexity 
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case, [11, 21, 17, 18, 23]. However, the main drawback lies on the choice of the parameters since 
it is not known in advance which ones give rise to solutions. In fact, bad choices of these parameters 
can lead to unbounded scalar optimization problems, or under convexity, this method computes only 
proper efficient solutions [21]. 

The notion of semistrict ( )S -quasiconvexity for vector functions, suitable for studying Problem 
(4), is recalled in Section 2, where it is also established some relationship with other classes of fun-
ctions. Section 3 provides several characterizations of the nonemptiness of the solution set to (4), 
and also various necessary and sufficient conditions when in addition boundedness is required. Sev-
eral examples are presented in each section showing our results are in some sense optimal. 

We end this section by recalling the definition of asymptotic cone. Given a set C, the asymptotic 
cone of C, denoted by C∞ , is defined by 

{ }0 k k
k kC u t x C t x u∞ = :∃ ↓ ,∃ ∈ , → ,&  

which is a closed cone. The “recession” term instead of asymptotic is employed when convex sets 
are considered. Some of the main properties of asymptotic cones may be found in [26, Chapter 3].  

Proposition 1.1 The following assertions hold. 

(a) 1 2K K⊆  implies 1 2K K∞ ∞⊆ ;  
(b) let nK ⊆ R , then K  is bounded if and only if {0}K ∞ = ;  
(c) Let { }iK , i I∈ , be any family of nonempty subsets of X, then  

( )i i
i I i I

K K
∞

∞

∈ ∈

⎛ ⎞ ⊆ .⎜ ⎟
⎝ ⎠
I I  

If, in addition, 0i iK ≠ /I  and each set , ,iK i I∈  is closed and convex, then we obtain an equal-
ity in the previous inclusion. 

2  Semistrict (S)-quasiconvexity and Related Properties  

Let X, Y be real normed vector spaces. We are also given a nonempty set ,S Y⊆  a nonempty convex 
set ,K X⊆  and a mapping .F K Y: →  It is requested to find 

( ) ( )x K F y F x S y K∈ : − ∈ ∀ ∈ .  (5)

A point x K∈  satisfying (5) is called a (global) S-minimal of F (on K) and the set of such points 
is denoted by .SE  Obviously 0SE ≠ /  implies that 0 .S∈  
In connection to problem (5) the following definition introduced in [15], and further developed in 
[16, 17], will play an important role. In the following: “ co( )A ” stands for the convex hull of the 
set A, which is the smallest convex set containing A; given ,x y≠  we set 

[ ] { (1 ) 0 1}x y tx t y t, = + − : ≤ ≤ .&  
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Definition 2.1. The vector function F K Y: →  is said to be:  

(i) ([15, 16]) semistrictly (S)-quasiconvex at ,y K∈  if for every , ,x K x y∈ ≠  

( ) ( ) ( ) ( ) ] [F x F y S F F y S x yξ ξ− ∈ − ⇒ − ∈ − ∀ ∈ , .  

We say that F is semistrictly (S)-quasiconvex ( on K) if it is at every y K∈ .  
(ii) ([15]) explicitly (S)-quasiconvex at y K∈ , if it is semistrictly (S)-quasiconvex and semis-

trictly ( \ )Y S− -quasiconvex at y. 
We say that F is explicitly (S)-quasiconvex ( on K) if it is at every .y K∈  
When ,Y = R  the previous definition reduces to quasiconvexity of real-valued functions in case 

[0 ),S += = ,+∞& R  and to semistrict quasiconvexity if (0 ).S ++= = , +∞& R  
In what follows, P Y⊆  is a (not necessarily pointed) convex cone, .P Y≠  The set ,P Y∗ ∗⊆  

with Y ∗  being the topological dual of Y, is the (nonnegative) polar cone defined by 

{ 0 }P p Y p p p P∗∗ ∗ ∗= ∈ : , ≥ ∀ ∈ ,  

where ⋅, ⋅  stands for the duality pairing between Y and .Y ∗  
We recall two important facts if additionally P is also closed: the first one is the bipolar theorem 
( ),P P∗∗ =  

0p P p p p P∗ ∗ ∗∈ ⇐⇒ , ≥ ∀ ∈ ,  (6)

and in case int 0,P ≠ /  we have 

int 0 \{0}.p P p p p P∗ ∗ ∗∈ ⇐⇒ , > ∀ ∈  (7)

Some generalizations of convexity in connection with optimality conditions are provided in [5, 
6, 22]. 

The next definition collects some of the main notions of generalized convexity employed in the 
existence theory of vector optimization problems appearing in the literature. 

Definition 2.2 Let K X⊆  be a convex set and P be a convex cone. The function ,F K Y: →  
is said to be 

(i) P-convex if for all ,x y K, ∈  

( ) (1 ) ( ) ( (1 ) ) for all (0 1)F x F y F x y Pα α α α α+ − ∈ + − + ∈ , .  

In particular, F is m
+R -convex if and only if each component of F is convex;  

(ii) properly P-quasiconvex ([12]) if for each ,x y K, ∈  

([ ]) { ( ) ( )}F x y F x F y P, ⊆ , − ,  

or equivalently, the set 

{ ( ) } is convex for all YK F Pξ ξ λ λ∈ : ∈ + ∈ ./  

International Journal of Optimization: Theory, Methods and Applications

GLOBAL INFORMATION PUBLISHER250

Similarly for [ [, ] [.x y x y, ,  



 

(iii) naturally P-quasiconvex ([28]), if for each x y K, ∈ ,  

([ ]) [ ( ) ( )]F x y F x F y P, ⊆ , − .  

(iv) scalarly P-quasiconvex ([23]) if  

( ) is quasiconvex for everyx K p F x p P∗ ∗ ∗∈ , ∈ .a  

(v) P-quasiconvex ([12, 24]) if the set 

{ ( ) } is convex for all YK F Pξ ξ λ λ∈ : ∈ − ∈ .  

In particular, F is m
+R -quasiconvex if and only if each component of F is quasiconvex; 

(vi) (int 0)P ≠ /  [15, 16, 17] semistrictly ( \ int )Y P− -quasiconvex (see Definition 2.1, [15]), if for every 
,x y K, ∈  

( ) ( ) int ( (1 ) ) ( ) int (0 1)F x F y P F x y F y Pα α α− ∈ ⇒ + − − ∈ ∀ ∈ , ./ /  

(vii)  semistrictly ( \ ( \ ( )))Y P l P− -quasiconvex (see Definition 2.1) if for every ,x y K, ∈  

( ) ( ) \ ( ) ( (1 ) ) ( ) \ ( ) (0 1)F x F y P l P F x y F y P l Pα α α− ∈ ⇒ + − − ∈ ∀ ∈ , ./ /  

In general, as noted in [12, 15], there is no relationship between the notions of P-convexity and 
proper P-quasiconvexity. 
Also with no further assumption on P, the class of naturally P-quasiconvex functions is strictly larger 
than the preceding two classes of functions as shown in [28]. On the other hand, the class of P-qua-
siconvex functions is strictly larger than the scalarly P-quasiconvex functions as shown in [23] (where 
the terminology ∗ -quasiconvexity is applied), and this latter class of functions is equivalent to the class 
of naturally P-quasiconvex functions as established in Theorem 2.3 below. 
Furthermore, the function 2

1
1

( ) ( ), ,
x

F x x x
+| |

= ,| | ∈R  is semistrictly 2 2( \ int )+−R R -quasiconvex but 
not 2

+R -quasiconvex. 
We also notice that there is no relationship between (vi) and (vii), and also between (v) and (vii). 
Indeed, by taking K = [0, 1], the function 1 2( )F f f= ,  given by  

1 2

1 if 0 1
( ) , ( ) ,

0 if 0
x x

f x f x x
x

− + < ≤⎧
= =⎨ =⎩

 

is semistrictly 2 2( \ ( \{0}))+−R R -quasiconvex without being semistrictly 2 2( \ int )+−R R -quasiconvex 
(and therefore neither 2

+R -quasiconvex, because of Theorem 2.3 below) since (1) (0) (0 1)F F− = ,  
2int +∈/ R  and 2(1 2) (0) (1 2 1 2) int ;F F +/ − = / , / ∈ R  whereas the function 

1 2

0 if 0 1
( ) , ( ) [0, ),

1 if 0 1,
f x x f x K

x
≥⎧

= = = +∞⎨ ≤ <⎩
 

is 2
+R -quasiconvex (thus semistrictly 2 2( \ int )+−R R -quasiconvex by the next theorem), but not 

semistrictly 2 2( \ ( \{0}))+−R R -quasiconvex at 0 since 2(1) (0) (1 1) \{0}F F +− = ,− ∈/ R  and (1 2)F / −  
2(0) (1 2 0) {0}.F += / , ∈R  
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Certainly, proper P-quasiconvexity and P-quasiconvexity are the more common generalizations of 
the notion of quasiconvexity for real-valued functions. The semistrict ( \ int )Y P− -quasiconvexity 
and the semistrict ( \ ( \ ( )))Y P l P− -quasiconvexity provide further generalizations as well: the first 
being suitable when dealing with weak efficiency ([15, 16, 17]) and the second for efficiency. 

The next theorem establishes the relationship between the notions introduced in Definition 2.2. 

Theorem 2.3 Assume K X⊆  is a convex set and P Y⊆  a convex cone such that .P Y≠  Con-
cerning Definition def-conv-gen, we have the following assertions: itemize  

(a) ( ) ( ) ( )i iii v⇒ ⇒ , ( ) ( ) ( )ii iii iv⇒ ⇒ , ( ) ( )iii vi⇒ , ( ) ( )iii vii⇒ ;  
(b) if in addition P is closed then 

( ) ( ) ( ) ( )iii iv v vi⇐⇒ ⇒ ⇒ .  

(c) if additionally ( )P P Y− =U  then, 

( ) ( ) ( ) and ( ) ( )v ii iii v iv⇐⇒ ⇐⇒ ⇒ ;  

(d) if additionally ( )P P Y− =U  and P is closed ( and so int 0),P ≠ /  then 

( ) ( ) ( ) ( ) ( ) ( )ii iii iv v vi vii⇐⇒ ⇐⇒ ⇐⇒ ⇐⇒ ⇐⇒ .  

Proof: (a): The implication ( ) ( )iii vii⇒  follows from Proposition 2.6 below with \ ( \S Y P= −  
( ));l P  the other implications appear in Theorem 2.6 of [15] since they are still valid in general nor-

med vector spaces. 
(b): When int 0,P ≠ /  the equivalence is proved in Proposition 3.9 of [18]. However, the proof still 
remains valid in the general case with obvious changes. We reproduce the proof for reader’s conv-
enience. 

Assume that F satisfies (iv). We need to check that given t R∈  and ,x P∗ ∗∈  the set {tK z K= ∈ :  
( ) }x F z t∗ , ≤  is convex. Indeed, if tx y K, ∈  then by natural-P-quasiconvexity of F, for all z ∈  

[ ]x y,  there exists [0 1]λ ∈ ,  and u P∈  such that ( ) ( ) (1 ) ( ) .F z F x F y uλ λ= + − −  Hence, 

( ) ( ) (1 ) ( )x F z x F x x F y x u tλ λ∗ ∗ ∗ ∗, = , + − , − , ≤  

thus z tK∈ , so tK  is convex. 
Conversely, assume that F is not naturally-P-quasiconvex. Then, there exist x y K, ∈  and ] [z x y∈ ,  
such that for all [0 1], ( ) ( ) (1 ) ( ) .F z F x F y Pμ μ μ∈ , ∈ + − −/  Thus, by (6), for every [0 1]μ ∈ ,  there 
exists  \{0}x P∗ ∗∈  such that 

( ) ( ) (1 ) ( )x F z x F x F yμ μ∗ ∗, > , + − .  

We can suppose that || || 1.x∗ =  By Alaoglu’s theorem (see [1] or [Theorem 5.25][2]), the set {B y∗=  
1}Y y∗ ∗∈ : || ||≤  is weak-star compact. Thus, 

0 { 1}x B P B y P y∗ ∗ ∗ ∗ ∗∈ = = ∈ : || || ≤I&  
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is also weak-star compact. Setting ( ) ( ) ( ) (1 ) ( ) ,f y y F z F x F yμ μ μ∗∗, = , − − −  we can apply the Sion 
minimax theorem (see for instance [23]) to get 

0 0[0 1] [0 1]
max min ( ) min max ( ) 0
y B y B

f y f y
μ μ

μ μ
∗ ∗

∗ ∗

∈ , ∈ ,∈ ∈
, = , > .  

Hence there exists x 0B∗∈  such that 

( ) ( ) (1 ) ( ) [0 1]x F z x F x x F yμ μ μ∗ ∗ ∗, > , + − , ∀ ∈ , .  

In particular, we get x P∗ ∗∈ and ( ) ( )x F z x F x∗ ∗, > ,  and ( ) ( ) .x F z x F y∗ ∗, > ,  
Thus F is not scalarly P-quasiconvex. 
For the other implications we refer Theorem 2.6 of [15]. 

(c): It may be found in Theorem 2.6 of [15]. 
(d): This is a consequence of (a), (b) and (c) and the fact that \ intP Y P= −  and \ ( ) int .P l P P=  

Notice that in this case there exists \{0}p P∗ ∗∈  such that { 0}P p Y p p∗= ∈ : , ≥  (see, for instance, 
[15]). 

For a given ,y K∈  we set 

{ ( ) ( ) }yS x K F x F y S= ∈ : − ∈ − .&  

The proof of the next lemma follows immediately from Definition 2.1. 

Lemma 2.4 [16] Given S, K as above and .F K Y: →  For fixed ,y K∈  the following two asser-
tions are equivalent: itemize 

(a) F is semistrictly (S)-quasiconvex at y; 
(b) [ ] yx y S, ⊆  for all yx S∈ . 

We recall that C is starshaped at ,y C∈  if [ ] ,x y C, ⊆  for all .x C∈  
Thus, if C is starshaped at ,y C∈ then 

0

( )
t

C t C y∞

>

= − .I  (8)

In case 0 ,S∈  we have yy S∈  for all ,y K∈  and therefore, we obtain the following theorem with-
out any continuity assumption. 

Theorem 2.5 Given S, K as above with 0 ,S∈  and .F K Y: →  The following assertions hold. 

(a) F is semistrictly (S)-quasiconvex at y K∈  if, and only if, yS  is starshaped at y; 
(b) Assume, in addition that K is closed. If F is semistrictly (S)-quasiconvex at y then 

( ) { ( ) ( ) 0}yS v K F y v F y Sλ λ∞ ∞= ∈ : + − ∈ − ∀ > .  

Proof: (a) follows from the previous lemma. Part (b) is a consequence of (8), since 

( ) 0 ( ) ( ) 0y yv S y tv S t v K F y tv F y S t∞ ∞∈ ⇐⇒ + ∈ ∀ > ⇐⇒ ∈ , + − ∈ − ∀ > .  

Proposition 2.6 Let 0 S Y/ ≠ ⊆  such that tS S⊆  for all 0;t K X> ⊆  be convex; P Y⊆  be a 
convex cone satisfying S P S+ ⊆ . Let F K Y: →  be given. 
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(a) If F is P-convex, then F is explicitly (S)-quasiconvex. 
(b) Assume that 0 S∈  and that F is naturally P-quasiconvex, then F is semistrictly (S)-quasiconvex. 

Proof: (a): Let x y K, ∈  and .x y≠  By P-convexity we have ( (1 ) ) ( ) (1 ) ( )F tx t y tF x t F y+ − ∈ + −  
P− for all (0 1).t ∈ ,  Thus, by setting (1 ) ,t tx t yξ = + −&  we have ( ) ( ) ( ( ) ( ))tF F y t F x F y Pξ − ∈ − −  

for all (0 1).t ∈ ,  If ( ) ( ) ,F x F y S− ∈ −  then ( ) ( ) ,tF F y tS P Sξ − ∈ − − ⊆ −  proving the semistrict (S)- 
quasiconvexity. On the other hand, if ( ) ( ) \F x F y Y S− ∈  then ( ) ( ) ( \ ) \ .tF F y t Y S P Y Sξ − ∈ − ⊆  
It proves the semistrict ( \ )Y S− -quasiconvexity, which completes the proof. 

(b): Given x y K, ∈ , we have that for all ] [x yξ ∈ , , 

( ) [ ( ) ( )]F F x F y Pξ ∈ , − .  

Thus, for every ] [x yξ ∈ ,  there exists [0 1]μ ∈ ,  such that ( ) ( ) ( ( ) ( )) .F F y F x F y Pξ μ− ∈ − −  If ( )F x −  
( ) ,F y S∈ −  then ( ) ( ) ,F F y S P S P Sξ μ− ∈ − − ⊆ − − ⊆ −  proving the desired result. 
The class of explicit (S)-quasiconvexity also includes that of explicit quasiconvexity componen-

twise when mP +=R  and \ ( int ), \ ( \{0}).m mS Y S Y+ += − = −R R  More generally, we say that  F K Y: →  
is explicitly scalarly P-quasiconvex if it is scalarly P-quasiconvex (see (iv) in Definition 2.2) and 
semistrictly scalarly P-quasiconvex: the latter means, that 

( ) is semistrictly quasiconvex for everyx K p F x p P∗ ∗ ∗∈ , ∈ .a  

Proposition 2.7 Let  0 K X/ ≠ ⊆  be convex and closed. Assume that  P Y⊆  is a closed, convex 
cone. If F K Y: →  is explicitly scalarly P-quasiconvex then it is explicitly ( \ ( ))P l P -quasiconvex, 
and explicitly (int P)-quasiconvex ( here int 0).P ≠ /  

Proof: Let .x y K, ∈  If ( ) ( ) ( \ ( )),F x F y P l P− ∈ −  then ( ) ( ) 0p F x F y∗ , − ≤  for all ,p P∗ ∗∈  and 
( ) ( ) 0q F x F y∗ , − <  for some .q P∗ ∗∈  By hypothesis, ( ) ( ) 0p F F yξ∗ , − ≤  and ( ) ( ) 0q F F yξ∗ , − <  

for all ] [.x yξ ∈ ,  Hence, ( ) ( ) \ ( )F F y P l Pξ − ∈ −  for all ] [.x yξ ∈ ,   
Assume that ( ) ( ) ( \ ( )).F x F y P l P− ∈/  If on the contrary, ( ) ( ) \ ( )F F y P l Pξ − ∈  for some ] [,x yξ ∈ ,  
then ( ) ( ) 0p F F yξ∗ , − ≥  for all p P∗ ∗∈  and ( ) ( ) 0q F F yξ∗ , − >  for some .q P∗ ∗∈  Thus, p∗ ,  

( ) ( ) 0F x F y− ≥ for all p P∗ ∗∈  and ( ) ( ) 0.q F x F y∗ , − >  Hence, ( ) ( ) \ ( ),F x F y P l P− ∈  a contr-
adiction. This completes the proof that F is explicitly ( \ ( ))P l P -quasiconvex. 
The explicit (int P)-quasiconvexity of F follows from Theorem 5.3 of [15]. 

When P∗  is the weak-star closed convex hull of its extreme directions, one obtains part of the pre-
vious proposition under weaker assumptions. In what follows, extrd P∗  stands for the set of extreme 
directions of P∗ : here extrdq P∗ ∗∈  if and only if \{0}q P∗ ∗∈  and for all 1 2q q P∗ ∗ ∗, ∈  such that q∗ =  

1 2q q∗ ∗+  we actually have 1 2 .q q q∗ ∗ ∗
++, ∈R  

Proposition 2.8 Let 0 K X/ ≠ ⊆  be convex and closed, P Y≠  be a closed convex cone in Y and 
F K Y: →  be given. 

(a) Assume that P∗  is the weak-star closed convex hull of extrd .P∗  If for all extrd ,p P∗ ∗∈  

( ) is quasiconvex and semistrictly quasiconvexx K p F x∗∈ , ,a  
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then it is explicitly ( \ ( ))P l P -quasiconvex. If, in addition P∗  is polyhedral with int 0,P ≠ /  then F is 
also explicitly (int P)-quasiconvex. 
(b) Let { 1}.D p P p∗ ∗ ∗= ∈ : || ||=&  

(b1) If for all ,p D∗ ∈  

( ) is quasiconvex and semistrictly quasiconvexx K p F x∗∈ , ,a  

then F is explicitly ( \ ( ))P l P -quasiconvex. 
(b2) (int 0)P ≠ /  If for all ,p D∗ ∈  

( ) ( ) is quasiconvex
p

x K h x p F x∗

∗∈ = , ,a &  

then F is semistrictly ( \ int )Y P− -quasiconvex. 
(b3) If for all ,

p
p D h ∗

∗ ∈   is semistrictly quasiconvex, then F is semistrictly (int P)-quasiconvex. 

Proof: (a): It follows the same argument of the previous proposition and using the following two 
facts (see (6)): 

0 extrdp P p p p P∗ ∗ ∗∈ ⇐⇒ , ≥ ∀ ∈ ,  (9)

and if for some z Y∈  there is p P∗ ∗∈  such that 0,p z∗ , <  then there is extrdq P∗ ∗∈  satisfying 
0.p z∗ , <  The last assertion follows easily. 

We apply a similar reasoning as that in the preceding proposition to prove Parts (b1), (b2) and (b3). 
Other suficient conditions ensuring explicit (int P)-quasiconvexity may be found in [15]. 

Remark 2.9 Conditions ensuring that P∗  is the weak-star closed convex hull of extrd ,P∗  may be 
found in Remark 2.2 of [3]. It is true, in particular, when int 0.P ≠ /  In that paper was also proved that 
P-quasiconvexity is equivalent to the quasiconvexity of 

( ) for every extrdx K p F x p P∗ ∗ ∗∈ , ∈ .a  

When ,mP += R  extrd m
+R  reduces to the canonical basis of .mR  Thus, for any vector function the 

assumptions in the previous theorem read by saying that each of its components is quasiconvex and 
semistrictly quasiconvex. 

Remark 2.10 By virtue of Remark 2.9, (b2) of Proposition 2.8 remains true if D is replaced by 
extrd ;P∗  whereas (b3) continues to be valid as above, under the stronger assumption co(extrdP∗ =  

),P∗  which is satisfied if P is polyhedra or if P∗  is a kind of ice-cream cone. 

Example 2.11 This example shows that explicit ( \{0})m
+R -semistrict quasiconvexity does not 

imply the semistrict quasiconvexity of each component. Take 2[0 ),K P += ,+∞ = R  and 1 2( )F f f= ,  
with 

1 2

0 if 0,
( ) ( )

1 if 0.
x

f x x f x
x

=⎧
= , = ⎨ ≠⎩

 

Here, {0}E =  and {0}.WE =  
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3  Unifying Efficiency and Weak Efficiency on the Real-line: the Main Results 

We are concerned in the problem 

find ( ) ( )x K F y F x S y K∈ : − ∈ ∀ ∈ .  (10)

The following hypothesis will be needed in the sequel.  

Hypothesis ( )A : Problem (10) admits a solution for all compact convex set .K X⊆  
Concerning the validity of Hypothesis (A), we have the next lemma. 

Lemma 3.1 Let X Y,  be normed vector spaces, K X⊆ compact, P Y⊆  be convex cone such that 
,P Y≠  and F K Y: →  be given. Then, Hypothesis (A) holds under any of the following circumstances: 

(a) ([19, Theorem 5.1]) \ ( \ ( ))S Y P l P= −  and the set { : ( ) ( ) }x K F x F y P∈ − ∈ − is closed for all 
;y K∈  

(b) ([16, Theorem 3.2]) \ int , int 0S Y P P= − ≠ /  and the set { : ( ) ( ) int }x K F x F y P∈ − ∉ is closed 
for all .y K∈  

It is known from [4] (see also [14,24]) that if F is P-lower semicontinuous then (a) and (b) hold. 
We recall that ([24]) F K Y: →  is P-lower semicontinuous (P-lsc) at 0x K∈  if for any open set 
V Y⊆  such that 0( )F x V∈  there exists an open neighborhood U X⊆  of 0x  such that ( )F U KI  

.V P⊆ +  We shall say that F is P-lsc (on K) if it is at every 0 .x K∈  
We point out that 1( )mF f f= , ,L  is m

+R -lsc if and only if each if  is lsc.  
In connection to Problem (4) and following the same line of reasoning as in [13,14,15], we set 

{ }( ) ( ) 0 .s
y K

R v K F y v F y Sλ λ∞

∈

= ∈ : + − ∈ − ∀ >& I  (11)

From now on, we restrict ourselves to the case .X = R  Notice that P-lower semicontinuity of F 
is not assumed in the next two theorems. 

Theorem 3.2 Let 0 K X/ ≠ ⊆  be closed and convex, let 0 S Y/ ≠ ⊆ such that 0 ,S∈  and  F K Y: →  
be semistrictly (S)-quasiconvex. Assume that 0,SE ≠ /  then 

( )S SE R∞ ⊆ .  (12)

If, in addition, every yS  is closed and convex for all ,y K∈  then ( ) .S SE R∞ =  

Proof: If 0SE ≠ /  then 

0 ( ) ( ) ( )S y y S
y K y K

E S S R∞ ∞ ∞

∈ ∈

/ ≠ = ⊆ = ,I I  

by Theorem 2.5. The last part is a consequence of the previous inclusion by taking into account 
Proposition 1.1. 

The closedness of yS  is satisfied if F is P-lsc; and the convexity of each yS  holds if either 
X = R  or Y = R  (in such a case P += R ) provided F is semistrictly (S)-quasiconvex. However, 

when ,X = R  the same result is obtained without the closedness of yS , as Theorem 3.4 below shows. 
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We now exhibit some instances where the inclusion in (12) does not hold without the semistrict (S)-
quasiconvexity assumption. The first example concerns efficiency and the second weak efficiency. 

Example 3.3 We really need the semistrict (S)-quasiconvexity in Theorem 3.2.  

(i) Take 2 2[0 ), \ ( \{0})K S += , +∞ = −R R  and 

1 2

4 if [0, 2],
( ) 1 ( )

6 if (2, ).
x

f x x f x
x x

∈⎧
=| − |, = ⎨ − ∈ +∞⎩

 

An easy computation shows that {1} (2 ), ( ) [0 ),S SE E E ∞= = , +∞ = , +∞U  whereas {0}.SR =  Set-
ting 1 2( ),F f f= ,  we notice that 2(3) (3 2) (3 2 1) \{0}F F +− / = / ,− ∈/ R  but (2) (3 2) (1 2 0)F F− / = / ,  

2 \{0}.+∈R  
(ii) Take 2 2, ( )K S \ int += = −R R R  and 

1 2

4 if ( 0]
if ( 2]

( ) ( ) 4 if [0 2)
4 if (2 )

3 5 if (2 )

x
x x

f x f x x x
x x

x x

∈ −∞, ,⎧
| | ∈ −∞, ,⎧ ⎪= = + ∈ , ,⎨ ⎨| − | ∈ , +∞ .⎩ ⎪| − | + ∈ ,+∞ .⎩

 

Here ( 0] {4}, ( ) ( 0]W S SE E E ∞= = −∞, = −∞,U  and {0}.SR =  Setting 1 2( ),F f f= ,  we observe that 
2(0) (3) ( 1 1) intF F +− = − , − ∈/ R  but 2(2) (3) (1 1) int .F F +− = , ∈ R  

Theorem 3.4 Let 0 K/ ≠ ⊆ R  be closed and convex, let 0 S Y/ ≠ ⊆  such that 0 ,S∈  and F K:  
Y→ be semistrictly (S)-quasiconvex. Assume that 0,SE ≠ /  then SE  is convex and ( ) .S SE R∞ =  

Proof: By virtue of the first part of the previous theorem, we need only to prove that ( ) .S SR E ∞⊆  
Take 0 .Sv R≠ ∈  We consider v > 0 (the case v < 0 is analyzed in a similar way). Take any ,Sx E∈  
we will check that Sx v Eλ+ ∈ for all 0.λ > Let y K∈  and 0.λ >  If co({ }),x v x yλ+ ∈ , then (F x +  

) ( )v F y Sλ − ∈ −  by assumption on F. If co({ }),x v x yλ+ ∉ ,  we distinguish the cases x y<  and 
.y x<  If ,x y<  then ( ).x v y y vλ λ+ ∈ , +  Therefore ( ) ( )F y F x v Sλ− + ∈  since ( ) ( )F y v F yλ+ −  
.S∈ − If ( ),y x x vλ< < +  then by writing x v y vλ ρ+ = +  for some 0,ρ >  we obtain ( )F x vλ+ −  

( ) ( ) ( ) .F y F y v F y Sρ= + − ∈ − Hence Sx v Eλ+ ∈  for all 0,λ >  which implies that ( ) ,Sv E ∞∈  and 
thus the proof is completed. 

One can find examples in higher dimension where the convexity of WE  fails under the standar 
convexity assumption on F, see for instance [13]. 

Theorem 3.5 Let 0 K/ ≠ ⊆ R  be a closed convex set, let S Y⊆  be given. Assume that F K:  
Y→ is semistrictly (S)-quasiconvex. The following assertions are equivalent: 

(a) {0};SR =  
(b) 0 \ ( ) ( )r rr x K K y K F y F x S∃ > , ∀ ∈ , ∃ ∈ : − ∈ ,/  where [ ] 0rK K r r= − , ≠ / .I  

Proof: ( ) ( ) :a b⇒  Suppose to the contrary that for all n ∈N  there exists \ , ( ) ( )n n nx K K F y F x∈ −   
S∈ for all .ny K∈  Then, for y K∈  fixed and ,n y>| |  we have ( ) ( )nF y F x S− ∈  for all n y>| | . As- 

sume that .
| |

n

n

x
v K

x
∞→ ∈  We consider only the case 1v =  (the other is entirely similar). Let 0λ >  

Unifying Efficiency and Weak Efficiency in Generalized Quasiconvex Vector Minimization on the Real-line

GLOBAL INFORMATION PUBLISHER 257



 

and choice n satisfying ( ) max{ }.nx n y yλ| |> > | + |,| |  As ( )ny y xλ+ ∈ ,  and ( ) ( ) ,nF y F x S− ∈  we 
obtain ( ) ( ) .F y F y Sλ+ − ∈ −  Thus, 1 ,Sv R= ∈  a contradiction. 

( ) ( ) :b a⇒  Take any rx K∈  and assume that 0 .Sv R≠ ∈  Then, for some 0 00, \ .rx v K Kλ λ> + ∈   
Thus, by (b), there is ry K K∈ ⊆  such that 0( ) ( )F y F x v Sλ− + ∈/ . On the other hand 0x v yλ+ =  

1vλ+  for some 1 0λ >  by convexity of .K ⊆ R  Therefore 1( ) ( )F y v F y Sλ+ − ∈ − ,/  contradicting the 
choice of Sv R∈ . 

The implication ( ) ( )a b⇒  in the preceding theorem remains valid if K is a subset of a finite di-
mensional space under the additional assumption of P-lower semicontinuity on F, as proven in [16]. 

By numerical aspects one might be interested in knowing, a priori, when the solution set is 
bounded since, like in scalar optimization, convergence of minimizing sequences depends heavily 
on that property. In this spirit, next theorem plays a important role. The assumption on the com-
plementary of S in the next theorem is satisfied when 

\ ( \ ( )) \ intS Y P l P S Y P= − , = − ,  

with P being a (not necessarily pointed) convex cone. 

Theorem 3.6 Let 0 K/ ≠ ⊆ R  be a closed convex set and 0 S Y∈ ⊆  be a cone satisfying ( \ )Y S  
( \ ) \ .Y S Y S+ ⊆  Assume that F K Y: →  is semistrictly (S)-quasiconvex and Hypothesis (A) is sa-

tisfied. The following assertions are equivalent: 

(a) {0};SR =  
(b) 0 \ ( ) ( ) ,r rr x K K y K F y F x S∃ > , ∀ ∈ , ∃ ∈ : − ∈/  where [ ] 0rK K r r= − , ≠ /;I  
(c) SE  is nonempty and bounded. 

Proof: ( ) ( )a b⇐⇒ : It follows from the previous result. 
( ) ( )b c⇒ : For every ,n ∈N  set { }nK x K x n= ∈ : | |≤ .  We may suppose, without loss of gener-

ality 0nK ≠ /  for all .n ∈N  Let us consider the problem 

find ( ) ( )n nx K F y F x S y K∈ : − ∈ ∀ ∈ .  (13)

By Hypothesis (A), it admits a solution, say n nx K∈  for all .n ∈N  We choose ,n ∈N  such that  
1.n r n≤ < + We claim that 1nx +  is also a solution to problem (10). In fact, suppose there exists 

y K∈  with 1y n| |> +  satisfying 1( ) ( ) .nF y F x S+− ∈/  By assumption, there exists 1r r ny K K +∈ ⊆ :  
( ) ( ) .rF y F y S− ∈/  Thus, 

1 1( ) ( ) ( ) ( ) ( ) ( ) ( \ ) ( \ ) \r n r nF y F x F y F y F y F x Y S Y S Y S+ +− = − + − ∈ + ⊆ ,  

a contradiction. 
( ) ( )c a⇒ : It is a consequence of Theorem 3.4. 

Example 3.7 The semistrict (S)-quasiconvexity of F cannot be deleted in the preceding theorem. 
Take [0 )K = ,+∞  and 1 2( )F f f= ,  with 

21 2 1

if 0 1
( ) ( )

if 1
x

x

x x
f x e f x

e x
−

− +

≤ ≤ ,⎧⎪= , = ⎨
≥ .⎪⎩
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Here {0} {0}.WE E= , =  We obtain 22 3(0) (2) (1 ) \{0}F F e e− −
+− = − ,− ∈/ R  but 1 2(1) (2) ( ,F F e e− −− = −  

3 21 ) int .e−
+− ∈ R Hence, F is neither semistrictly 2 2( \ (int ))+−R R -quasiconvex at 2  nor semistrictly 

2 2( \ ( \{0}))+−R R -quasiconvex at 2 . Here (b) does not hold for either 2 2\ ( int )S += −R R or 2 \S = R  
2( \{0}).+−R  

The preceding theorem has several useful consequences which are expressed in the two follow-
ing corollaries. The next result valid for quasiconvex real functions will be used subsequently. It is 
taken from [8], see also [20].  

Lemma 3.8. If f is quasiconvex on ,R  then there is [ ]a ∈ −∞, +∞  such that f is non-increasing 
on ( ]a−∞,  and non-decreasing on the rest ( with the convention ( ] [ ) 0)−∞,−∞ = +∞, +∞ = /  

Corollary 3.9. Let 0 K/ ≠ ⊆ R  be convex and closed, P Y≠  be a closed convex cone in Y, and 
F K Y: →  be given. 

(a) Set { 1}.D p P p∗ ∗ ∗= ∈ : || ||=  Assume that for all , ( )p D x K p F x∗∗ ∈ ∈ ,a   is lsc.  
(a1) If F is semistrictly ( \ ( \ ( )))Y P l P− -quasiconvex then, 

0 and bounded ( ) 0argmin KE q F q D∗ ∗≠ / ⇒ , ⋅ ≠ / ∀ ∈ .  

(a2) If for all , ( ) is semistrictly quasiconvex thenp D x K p F x∗∗ ∈ ∈ , , ,a  

0 and ( ) 0argmin KE E q D q F∗∗≠ / ≠ ⇒ ∃ ∈ , , ⋅ ≠ / .R  

(b) Assume that P∗  is the weak-star closed convex hull of extre P∗  (see the previous section), and 
that for all extrd , ( ) is lscp P x K p F x∗∗ ∗∈ ∈ , .a  
( 1)b  If F is semistrictly ( \ ( \ ( )))Y P l P− -quasiconvex then, 

0 and bounded ( ) 0 extrdargmin KE q F q P∗ ∗ ∗≠ / ⇒ , ⋅ ≠ / ∀ ∈ .  

( 2)b  If for all extrd , ( )p P x K p F x∗∗ ∗∈ ∈ ,a   is semistrictly quasiconvex then, 

0 and extrd ( ) 0argmin KE E q P q F∗∗ ∗≠ / ≠ ⇒ ∃ ∈ , , ⋅ ≠ / .R  

Proof: We only prove (b) ((a) is similar). We first observe that Hypothesis (A) is satisfied: one 
can check that { ( ) ( ) }x K F x F y P∈ : − ∈ −  is closed for all y K∈  by virtue of (9). Thus, the result 
is a consequence of Theorem 3.6 since its Part (b) reads 

0 \ ( ) ( ) \ ( )r rr x K K y K F y F x P l P∃ > , ∀ ∈ , ∃ ∈ : − ∈ − .  

This implies, in particular, that (see again (9))  

0 \ extrd ( ) ( )r rr x K K y K q P q F y q F x∗ ∗∗ ∗∃ > , ∀ ∈ , ∃ ∈ , ∀ ∈ , , ≤ , .  

This inequality along with the lower semicontinuity of ( )q F∗ , ⋅  imply that argminK ( )q F∗ , ⋅  
0.≠ /  
(b): We know that lower semicontinuity and semistrict quasiconvexity imply quasiconvexity. As-

sume, to the contrary, that ( ) 0argmin K q F∗ , ⋅ = /  for all extrd .q P∗ ∗∈  Then, by the explicit qua-
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siconvexity, either ( )q F∗ , ⋅  is non-increasing on K for all extrd ,q P∗ ∗∈  or non-decreasing on K 
for all extrd .q P∗ ∗∈  Let us consider [ )K a= ,+∞  (resp. ( ])K a= −∞,  then for all extrd ,q P∗ ∗∈  q∗ ,  

( )F ⋅  is strictly decreasing (resp. strictly increasing). We claim that 0.E = /  In fact, let x K∈  and 
take , .x x x K> ∈  Then 

( ) ( ) 0 extrdq F x F x q P∗ ∗ ∗, − < ∀ ∈ .  

It turns out that 

( ) ( ) 0q F x F x q P∗ ∗ ∗, − ≤ ∀ ∈ .  

Both inequalities imply 

( ) ( ) \ ( )F x F x P l P− ∈ − ,  

showing that ,x E∈/  proving the claim. 
We consider the case .K = R  Since 0,E ≠ /  it is not difficult to prove the existence of extrdp q∗ ∗, ∈  
P∗ such that ( )p F∗ , ⋅  is strictly increasing and ( )q F∗ , ⋅  is strictly decreasing. This allows us to 
prove that ,E = R  a contradiction.  

We recall that if P is a closed convex cone with int 0,P ≠ /  then P∗  is the weak-star closed con-
vex hull of extrd P∗  by Remark 2.2 in [3]. 

Corollary 3.10. Let 0 K/ ≠ ⊆ R  be convex and closed, P Y≠  be a closed convex cone in Y such 
that int 0,P ≠ /  and F K Y: →  be given. 

(a) If F is semistrictly ( \ int )Y P− -quasiconvex and P-lsc, then 

0 and bounded ( ) 0 and compactargminW KE p F p D∗ ∗≠ / ⇒ , ⋅ ≠ / ∀ ∈ ,  

where { 1}.D p P p∗ ∗ ∗= ∈ : || ||=&  
(b) Assume that F is P-lower semicontinuous on K and  

(b1) ( ) 0 for allargmin K q F q D, ⋅ ≠ / ∈ ,  with D as in (a). If for all ,q D∈  the function ( )q F, ⋅  
is semistrictly quasiconvex, then 

co ( )argminW K
q D

E q F
∈

⎛ ⎞
= , ⋅ .⎜ ⎟

⎝ ⎠
U  

(b2) ( ) 0 for all extrdargmin K q F q P∗, ⋅ ≠ / ∈ .  If for all extrd ,q P∗∈  the function ( )q F, ⋅  is 
semistrictly quasiconvex and co(extrd )P P∗ ∗=  then 

extrd

co ( )argminW K
q P

E q F
∗∈

⎛ ⎞
= , ⋅ .⎜ ⎟⎜ ⎟

⎝ ⎠
U  

(c) Assume that extrd P* is finite (i.e., P* polyhedra) and  
(c1) that for all extrd ,p P∗ ∗∈  

( ) is quasiconvex and lsc Thenx K p F x∗∈ , .a  
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0 and extrd ( ) 0argminW W KE E q P q F∗∗ ∗≠ / ≠ ⇒ ∃ ∈ , , ⋅ ≠ / .R  

(c2) that for all extrd ,p P∗ ∗∈  

( ) is semistrictly quasiconvex and lsc Thenx K p F x∗∈ , .a  

0 and compact ( ) 0 compact extrdargminW KE q F q P∗ ∗ ∗≠ / ⇐⇒ , ⋅ ≠ / ∀ ∈ .  

Proof: (a): Clearly Hypothesis (A) holds since P-lsc implies (actually equivalent to) the closed-
ness of { ( ) ( ) int }x K F x F y P∈ : − ∈/  for all ,y K∈  see [4] (see also [14]). From (b) of Theorem 3.6 
it follows that 

0 \ ( ) ( ) intr rr x K K y K F y F x P∃ > , ∀ ∈ , ∃ ∈ : − ∈ − .  

Taking into account (7), the previous relation becomes 

0 \ ( ) ( ) \{0}r rr x K K y K p F y p F x p P∗ ∗ ∗ ∗∃ > , ∀ ∈ , ∃ ∈ : , < , ∀ ∈ .  

This inequality along with the (see Theorem 5.5 in [24, Chapter 1]) lower semicontinuity of p∗ ,  
( )F ⋅  implies that ( ) 0argmin K p F∗ , ⋅ ≠ /  and compact for all .p D∗ ∈  
(b1) ((b2) is similar): As in (a), for all , ( )q D q F∈ , ⋅  is lsc. Thus, ( )argmin K q F, ⋅  is closed 

for all .q D∈  Since every lsc and semistrictly quasiconvex real-valued function is quasiconvex, we 
conclude that F is semistrictly ( \ int )Y P− -quasiconvex (see Proposition 2.8). By Theorem 3.4, WE  
is convex. The closedness of WE  follows from the P-lower semicontinuity of F, since it is equiva-
lent to the closedness of { ( ) ( ) int }x K F x F y P∈ : − ∈/  for all y K∈  (see [4] or [14]), and WE  is the 
intersection of such sets. Therefore 

0 co( ( ) )argmin WK
q D

A q F E
∈

= , ⋅ ⊆ .& U  

Set ( ) ( ) .qh x q F= , ⋅  Thus, 0A  is of the form ( ), [ ), ( ], [ ]α α α β−∞,+∞ ,+∞ −∞, ,  for some α β−∞ < ≤  
.< +∞  Obviously, in the first case there is nothing to prove. We only consider the case 0 [A α= ,  

).∞  If 0\ ,Wx E A∈ by (7) we may choose q D∈  such that ( ) ( ).q qh x h α≤  Take any qx ∈ argmin ;qh  
then ( ) ( )q q qh x h x<  since 0 ,x A∈/  and therefore ( ) ( )q qh h xα <  reaching a contradiction. 

(cl) follows from a similar reasoning as in (b) of the previous corollary; (c2) is a consequence 
of (a) and (b2).  

In the case when P∗  is a polyhedral cone, that is, 

1
0

co({ })m
t

P t a a∗

≥

= , , ,LU  

it is known that (Corollary 5.6 [24, Chapter 1]) F is P-lsc if and only if ( )ia F, ⋅  is lsc for all 1 .i k= , ,L  
In particular, Part (a) of Corollary 3.9 applies for instance when 1, ( )m

mP F f f+= = , ,LR  with each 

if K: → R  being lsc and semistrictly quasiconvex; and (a) of Corollary 3.10 can be applied if each 

if  is lsc and quasiconvex. 
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The following examples show that our assumptions in Corollaries 3.9 and 3.10, are in some sense 
optimal. 

Example 3. 11 (i) The function of Example 3.7 shows the necessity of the semistrict 2( \ int−R  
2 )+R -quasiconvexity or semistrict 2 2( \ ( \{0}))+−R R -quasiconvexity in (a) of the preceding two 

corollaries. 
(ii) This example shows, in general, that (a) of Corollaries 3.9 and 3.10 fail to hold if E and WE are 

unbounded. Consider 2
1 2, ( ) ( ) , .P f x x f x x x+= = , = − ∈R R  Here WE E= =R  and 1 2( )F f f= ,  

is 2
+R -convex. 

(iii) In general, the reverse implication in (a) of Corollary 3.9 fails to hold. In fact, take 2 ,P += R  
[0 )K = , +∞ and 1 2( ) 1 ( ) 2.f x f x= , =  Here WE K E= = and 1 2( )F f f= ,  is 2

+R -convex. 
(iv) In general, the reverse implication in (a) of Corollary 3.10 fails to hold. In fact, take [0K = ,  

2), P ++∞ = R  and 

1 2

1 if [1 2] 1 if 4
( ) ( )

2 if [1 2] 2 if 4
x x

f x f x
x x

, ∈ , , = ,⎧ ⎧
= =⎨ ⎨∉ , . ≠ .⎩ ⎩

 

Here 2
1 2 1 2{( ) ( ) 1}.D p p p p∗ ∗ ∗ ∗

+= , ∈ :|| , ||=R  Set ( ) ( )
p

h x p F x p D x K∗

∗ ∗= , , ∈ , ∈ .&  
After making some computations, we obtain  

1 2

1 2

1 2

1 2

1 2

2( ) if [0 1[;

2 if [1 2[;

( ) 2( ) if [2 4[;

2 if 4

2( ) if ]4 )

p

p p x

p p x

h x p p x

p p x

p p x

∗

∗ ∗

∗ ∗

∗ ∗

∗ ∗

∗ ∗

⎧ + , ∈ ,
⎪

+ , ∈ ,⎪
⎪= + , ∈ ,⎨
⎪ + , = ,⎪
⎪ + , ∈ ,+∞ .⎩

 

and 

1 2 1 2 1 2

1 2 1 2 1 2

[1 2] if min{ 2 2 } 2
argmin

4 if min{ 2 2 } 2K p

p p p p p p
h

p p p p p p
∗

∗ ∗ ∗ ∗ ∗ ∗

∗ ∗ ∗ ∗ ∗ ∗

⎧ , , + , + = + ,⎪= ⎨
, + , + = + .⎪⎩

 

Here [0 )WE = ,+∞  and 1 2( )F f f= ,  is 2
+R -quasiconvex and hence semistrictly 2 2( \ int )+−R R -

quasiconvex. 
(v) We now show the reverse implication in (b) of Corollary 3.9 and (c) of Corollary 3.10 may be 

false. Take the example in (ii) with K = R  to have E = R  and ;WE = R  and consider [0K = ,  

1 2), ( ) 1 ( ) ,xf x f x e−+∞ = , =  to have 0.E = /  

Corollary 3.12 Let 0 K/ ≠ ⊆ R  be a closed convex set, P Y⊆  be a convex cone. Assume that 
F K Y: →  is naturally P-quasiconvex, or equivalently, scalarly P-quasiconvex. Then, 

0 and bounded 0 and boundedWE E≠ / ⇒ ≠ / .  

Proof: From Proposition 2.6 and Theorem 3.6, it follows that {0}WR = , which implies that 
{0}.ER =  It turns out that E is non-empty and bounded by the same theorem. 
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Example 3.13 (i) The boundedness on WE  in the previous corollary cannot be deleted as the fol-
lowing example shows. Take 1 2[0 ), ( ) 1 ( ) ;xK f x f x e−= , +∞ = , =  one obtains [0 ]WE = ,+∞  whereas 

0.E = /  Here 1 2( )F f f= ,  is 2
+R -convex. 

(ii) The reverse implication does not hold as showed by taking .K = R  We consider 2 ,F K: → R  

1 2( )F f f= ,  with 1 2( ) , ( ) .f x x f x x=| | =  Obviously F is 2
+R -convex (thus it is naturally 2

+R -
quasiconvex by Theorem 2.3). Here {0}E =  whereas WE = R . 

In order to characterize the non-emptiness (possibly allowing unboundedness) of SE , we con-
sider the following non-coercive conditions:  

(C1) for any sequence { }nx  in K satisfying:  

(i) , ,
| |

n
n S

n

x
x v R

x
| |→ +∞ → ∈  and, 

(ii) for all y K∈  there exists yn  such that ( ) ( )nF y F x S− ∈  for all yn n≥ ,  
we assume the existence of u K∈  and n,  such that nu x| |<| |  and ( ) ( )nF u F x S− ∈ − . 

(C2) for every , ,n nx K x∈ | |→ +∞  there exists n ∈N  and u K∈  such that nu x| |<| | and ( )F u −  
( ) .nF x S∈ −  
(C3) there exists a nonempty compact set D K⊆  such that for all x K \ D∈  there exists u ∈  

( ) ( ) .D F u F x S: − ∈ −  
(C4) there exist u K∈  and r u>| |  such that ( ) ( )F u F x S− ∈ −  for all x K x r∈ , | |= .   
(C5) there exists 0r >  such that [ ] 0rK K r r= − , ≠ /I  and for each ,x K x r∈ | |=  there exists u ∈  

( ) ( )K u r F u F x S, | |< : − ∈ − .   

We point out that all of these conditions apply to situations in which the solution set may be un-
bounded. Notice that the cone SR  is not explicitly mentioned in ( ), 2 3 4 5iC i = , , , .  Clearly 2( )C ⇒   

1 3 4( ), ( ) ( )C C C⇒  and 5 1( ) ( )C C⇒ .  
We are now in a position to establish various characterizations of the nonemptiness of SE  

when K ⊆ R .  

Theorem 3.14 Let 0 K/ ≠ ⊆ R  be a closed convex set, let S Y⊆  be a cone. Assume that F K:  
Y→ is explicitly (S)-quasiconvex and Hypothesis (A) is satisfied. Then SE  is convex and each of 

the conditions 1 5( ) ( )C C−  is equivalent to the non-emptiness of SE . 

Proof: The convexity of E is a consequence of the remark above. 

1( ) ( 0)SC E⇒ ≠ / : For every n ∈N , set { }nK x K x n= ∈ : | |≤ .  We may suppose, without loss of 
generality 0nK ≠ /  for all n ∈N . Let us consider the problem (13). By Hypothesis (A), it admits a 
solution, say n nx K∈  for all n ∈N . If nx n| |<  for some n ∈ ,N  then, we claim that nx  is also a 
solution to problem (10). In fact, if there is y K∈  with y n| |>  such that ( ) ( )nF y F x S− ∈/ . Take 
z K∈  with co({ })nz x y∈ ,  and z n| |< . By assumption, we have ( ) ( )nF z F x S− ∈/ , which con-
tradicts the choice of nx . Therefore nx  is a solution to problem (10).  
We consider now the case nx n| | =  for all n ∈N . We may suppose, whithout loss of generality,  
that 1.

| |
n

n

x
v

x
→ = ±   Clearly .v K ∞∈  We now check that .Sv R∈  Take any y K∈  and 0λ > . We  

consider the case v = 1 (when 1v = −  the reasoning is similar). Then .y y v yλ λ< + = +  We choose 

nx  such that max{ }.nx n y yλ= > | + |,| |  Thus ( ) ( ) ,nF y F x S− ∈  which implies that ( ) ( )F y F yλ+ −  
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S∈ −  since ( ).ny y xλ+ ∈ ,  Therefore 1 .Sv R= ∈  On the other hand, for any fixed y K∈ ,  ( )F y −  
( )nF x S∈  for n ∈N  sufficiently large (it is enough to take n y>| | ). This shows that nx  satisfies 

(i) and (ii) of condition ( ).∗  Therefore there exists u K∈  and ,n  such that nu x| |<| |  and ( )F u −  
( ) .nF x S∈ −  We claim that nx  is also a solution to (10). If not, there is ,y K∈ ny n x u| |> =| |>| |  

such that ( ) ( ) .nF y F x S− ∈/  On the other hand, either co({ })nx u y∈ ,  or co({ })nu x y∈ ,  since u| |<  
.nx y| |<| |  If co({ }),nu x y∈ ,  then ( ) ( ) ,nF u F x S− ∈/  which contradicts the choice of nx . If nx ∈  

co({ })u y,  then ( ) ( )F y F u S− ∈ , since otherwise we obtain ( ) ( )nF u F x S− ∈ −/  contradicting the 
choice of u. Thus, ( ) ( ) .F u F y S− ∈ −  It follows that ( ) ( ) ,nF x F y S− ∈ −  which contradicts the choice 
of y. Therefore nx  is a solution to problem (10). 

2 1 3 1 4 5( ) ( ); ( ) ( ); ( ) ( );C C C C C C⇒ ⇒ ⇒  These are obvious. 

2( 0) ( ) :SE C≠ / ⇒ Let nx| |→+∞  and .Su E∈  Thus, for n  such that nx u| |>| |  we obtain ( ) ( )nF x F u−  
.S∈  This shows that ( ) ( ) .nF u F x S− ∈ −  

3( 0) ( ) :SE C≠ / ⇒  Take any Su E∈  and set { }.D u=   

4( 0) ( ) :SE C≠ / ⇒  Take any Su E∈  and r u>| | . 

5( ) ( 0) :SC E⇒ ≠ /  Let us consider problem (13) on rK  which admits a solution, say .rx  If rx r| |<  
we proceed as in the beginning of the proof 1( ) ( 0)SC E⇒ ≠ /  to conclude that rx  is in fact a solution 
to problem (13) on K. If on the contrary |x r r|=  there exists ,u K u r∈ | |<  such that ( ) ( )rF u F x−   

.S∈ − We reason as in the second part of the proof as above to deduce that rx  is also solution to our 
original problem. 
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General Inexact Proximal Point Algorithm and η -Maximal 
Monotonicity Models with Application to Minimization  
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Abstract. First, based on η-maximal monotonicity, a generalization to Rockafellar’s theorem 
(1976) in the context of approximating a solution to a general inclusion problem involving a 
multivalued η-maximal monotone mapping using the inexact proximal point algorithm in a 
Hilbert space setting is considered. Then an application to a minimization problem of a func-
tional on a Hilbert space is examined.The general framework for η-maximal monotonicity gen-
eralizes the general theory of multivalued maximal monotone mappings. 

Keywords: inclusion problems, η-maximal monotone mapping, maximal monotone mapping, 
generalized resolvent operator. 

1  Introduction 

Let X be a real Hilbert space with the norm|| ||. and the inner product ⋅, ⋅ . We consider the nonlinear 
inclusion problem: determine a solution to 

0 ( )M x∈ ,  (1)

where 2XM X: →  is a set-valued mapping on X.  

                                                           
* Corresponding Author. Email: verma99@msn.com. 

International Journal of Optimization: Theory, Methods and Applications 

2070-5565(Print) 2070-6839(Online)  www.gip.hk/ijotma 

 © 2009 Global Information Publisher (H.K) Co., Ltd. 

2009, Vol. 1, No. 3, 266-278. 

GLOBAL INFORMATION PUBLISHER266



 

In [5], Rockafellar examined the problem of minimizing a lower semicontinuous proper convex 
functional f on a Hilbert space setting, where the proximal point algorithm 

1 ( )k k
kx P x+ ≈ ,  (2)

in exact form generates a sequence { }kx  by taking 1kx +  to be the minimizer of 

21( ) || ||k

k

f x x x
ρ

+ − ,  (3)

where 0kρ > .  
Indeed, the inclusion problem (1) encompasses a general class of problems of variational nature, 

such as minimization or maximization of functions, variational inequality problems, and minimax 
problems. The maximal monotonicity/ generalized maximal monotonicity has been a powerful tool to 
studying convex programming and variational inequalities. It also turned out that one of the funda-
mental algorithms applied for solving these problems was in fact the proximal point algorithm and its 
variant forms. Furthermore,, Rockafellar [6] applied the proximal point algorithm in convex pro-
gramming. For more details, we refer the reader to [1-22].  

In this paper, we first intend to examine some results involving η-maximal monotone and general-
ized firmly nonexpansive mappings. Second, we generalize Rockafellar’s theorem [5] to the case 
η-maximal monotone mappings. Finally, we apply this generalization to a minimization problem. The 
obtained results, in turn, generalize a general class of results, including the investigations involving 
maximal monotone mappings. 

2  η -Maximal Monotonicity Framework  

This section deals with some results based on basic properties of η-maximal monotonicity and other 
results involving η -maximal monotonicity and the generalized firm nonexpansiveness. Let X denote 
a real Hilbert space with the norm || ||.  and inner product < ⋅,⋅ > .  Let 2XM X: →  be a multival-
ued mapping on X. We shall denote both the map M  and its graph by M, that is, the set {( )x y, :  

( )}y M x∈ .  This is equivalent to stating that a mapping is any subset M of X X× ,  and ( )M x =  
{ ( ) }y x y M: , ∈ .  If M is single-valued, we shall still use ( )M x  to represent the unique y such that 
( )x y M, ∈ rather than the singleton set { }y . This interpretation shall much depend on the context. 
The domain of a map M is defined (as its projection onto the first argument) by 

( ) { ( ) } { ( ) }D M x X y X x y M x X M x= ∈ : ∃ ∈ : , ∈ = ∈ : ≠ ∅ .  

D(M)=X, shall denote the full domain of M, and the range of M is defined by 

( ) { ( ) }R M y X x X x y M= ∈ : ∃ ∈ : , ∈ .  

The inverse 1M −  of M is {( ) ( ) }y x x y M, : , ∈ .  For a real number ρ  and a mapping M, let Mρ =  
{ ) ( ) }x y x y Mρ, : , ∈ . If L and M are any mappings, we define 
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{( ) ( ) ( ) }L M x y z x y L x z M+ = , + : , ∈ , , ∈ .  

Definition 2.1. A mapping X X Xη : × →  is said to be: 

(i) monotone if  

( ) 0x y x y x y Xη− , , ≥ ∀ , ∈ .  

(ii) (r)-strongly monotone if there exists a positive constant r  such that  
2( ) || ||x y x y r x y x y Xη− , , ≥ − ∀ , ∈ .  

(iii) τ -Lipschitz continuous if there is a positive constant τ  such that 

|| ( ) || || ||x y x y x y Xη τ, ≤ − ∀ , ∈ .  

Definition 2.2. Let X X Xη : × →  be a mapping, and let  2XM X: →  be a multivalued mapping 
on X. The map M is said to be:  

(i) η-monotone if  

|| ( ) || 0 ( ) ( )u v u v u u v v Mη∗ ∗ ∗ ∗− , , ≥ ∀ , , , ∈ .  

(ii) η-pseudomonotone if  

( ) 0 ( ) 0 ( ) ( )v u v u u v u u v v Mη η∗ ∗ ∗ ∗, , ≥ ⇒ , , ≥ ∀ , , , ∈ .  

(iii) ( )r η, -strongly monotone if there exists a positive constant r uch that  
2( ) || || ( ) ( )u v u v r u v u u v v Mη∗ ∗ ∗ ∗− , , ≥ − ∀ , , , ∈ .  

(iv) ( )m η, -relaxed monotone if there exists a positive constant m such that 
2( ) ( ) || || ( ) ( )u v u v m u v u u v v Mη∗ ∗ ∗ ∗− , , ≥ − − ∀ , , , ∈ .  

Definition 2.3. Let X X Xη : × →  be a mapping, and let 2XM X: →  be a multivalued mapping 
on X. e map M s said to be: 

(i) Nonexpansive if  

|| || || || ( ) ( )u v u v u u v v M∗ ∗ ∗ ∗− ≤ − ∀ , , , ∈ .  

(ii) η-firmly nonexpansive if 
2|| || ( ) ( ) ( )u v u v u v u u v v Mη∗ ∗ ∗ ∗ ∗ ∗− ≤ − , , ∀ , , , ∈ .  

(iii) ( )c η, -irmly nonexpansive if there exists a constant 0c >  such that 
2|| || ( ) ( ) ( )u v c u v u v u u v v Mη∗ ∗ ∗ ∗ ∗ ∗− ≤ − , , ∀ , , , ∈ .  
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Definition 2.4. The map 2XM X: →  is said to be η-maximal monotone if 

1. M is η-monotone 
2. ( )R I M Xρ+ =  for 0ρ > ,   
where I is the identity mapping.  

Definition 2.5. Let 2XM X: →  be an η-maximal monotone mapping. Then the generalized re-
solvent operator MJ X Xρ η, : →  is defined by  

1( ) ( ) ( )MJ u I M uρ η ρ −
, = + .  

Proposition 2.1. Let 2XM X: →  be an η--maximal monotone mapping. Then the operator (I +  
1)Mρ − is single-valued. 

3  η -Inclusion Problems 

This section deals with a generalization to Rockafellar’s theorem [5, Theorem 1] under the frame-
work of η-maximal monotonicity. Furthermore, some results connecting η- maximal monotonic-
ity and corresponding generalized resolvent operator are established.  

Lemma 3.1. ([14]) Let X  be a real Hilbert space, and let 2XM X: →  be η-maximal monotone. 
Furthermore, let X X Xη : × →  be (t)-strongly monotone and τ -Lipschitz continuous. Then the 
generalized resolvent operator associated with M and defined by  

1( ) ( ) ( )MJ u I M u u Xρ η ρ −
, = + ∀ ∈ ,  

is ( )t
τ -Lipschitz continuous, that is,  

|| ( ) ( ) || || ||M MJ u J v u v
tρ η ρ η
τ

, ,− ≤ − .  

Lemma 3.2. Let X be a real Hilbert space, and let 2XM X: →  be η-maximal monotone. Let 
X X Xη : × →  be (t)-strongly monotone.Then the generalized resolvent operator associated with 

M and defined by  

1( ) ( ) ( )MJ u I M u u Xρ η ρ −
, = + ∀ ∈ ,  

satisfies 

2 1|| ( ) ( ) || ( ( ) ( ))M M M MJ u J v u v J u J v
tρ η ρ η ρ η ρ ηη, , , ,− ≤ − , , .  

Proof. For any u v X, ∈ ,  using the definition of the resolvent operator MJρ η, ,  we have 

1 [ ( )] ( )( )M Mu J u M J uρ η ρ ηρ , ,− ∈ ,  
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and 

1 [ ( )] ( )( )M Mv J v M J vρ η ρ ηρ , ,− ∈ .  

Given that M is η-monotone, we have 

1 ( ( ) ( )) ( ( ) ( )) 0M M M Mu v J u J v J u J vρ η ρ η ρ η ρ ηη
ρ , , , ,− − − , , ≥ .  (4)

It follows from (4) that 

2

( ( ) ( ))

( ) ( ) ( ( ) ( ))

|| ( ) )( ) ||

M M

M M M M

M M

u v J u J v

J u J v J u J v

t J u J v

ρ η ρ η

ρ η ρ η ρ η ρ η

ρ η ρ η

η

η
, ,

, , , ,

, ,

− , ,

≥ − , ,

≥ − .

 

Theorem 3.1. Let X be a real Hilbert space, and let 2XM X: →  be η-maximal monotone. Then 
the following statements are mutually equivalent: 

(i) An element u X∈  is a solution to (1).   
(ii) For an u X∈ ,  we have  

( )Mu J uρ η,= ,  

where  
1( ) ( ) ( )MJ u I M uρ η ρ −

, = + .  

Proof. It follows from the definition ofη-resolvent operator corresponding to M. 

Proposition 3.1. Let X be a real Hilbert space, and let 2XM X: →  be η-maximal monotone. 
Let X X Xη : × →  be ( )t − strongly monotone and ( )τ − Lipschitz continuous. For an arbitrarily 
chosen initial point 0x ,  suppose that the sequence { }kx  is generated by the proximal point algorithm  

1 ( )
k

k M kx J xρ η
+

,≈  (5)

such that  
1|| ( ) ||

k

k M k
kx J xρ η ε+

,− ≤ ,  (6)

for 0k kε∞
=Σ < ∞,  and { }kρ  is bounded away from zero, and for { } { } [0 )k kε ρ, ⊆ ,∞ ,  

1(0 ( ))k k
k

k

dist S x
ε
ρ

∗ +, ≤ ,  (7)

where 1( ) ( ) ( )k
k kS x M x x xρ∗ −= + −  and 0k kε∞

=Σ < ∞,  
and the estimate 
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1 1|| ( ) || (0 ( ))
k

k M k kk
kx J x dist S x

tρ η
ρ τ+ ∗ +

,− ≤ , ,  (8)

with 1( )
k

M
kJ I Mρ η ρ −

, = + , and { } { } [0 )k kε ρ, ⊆ ,∞ .  Then (7) implies (8), and the estimate holds. 

Proof. To show, (7) implies (8), let 1( )k
kw S x∗ +∈ .  Then  

1( )( )k k
k kw x I M xρ ρ ++ ∈ + ,  

so we have 
1 1( ) ( ) ( )k k M k

k k kx I M w x J w xρ ηρ ρ ρ+ −
,= + + = + .  

Applying Lemma 3.1, we get 
1|| ( ) ||

|| ( ) ( ) ||

|| ||

k

k k

k M k

M k M k
k

k

x J x

J w x J x

w
t

ρ η

ρ η ρ ηρ
ρ τ

+
,

, ,

−

= + −

≤ .

 

It follows that 

1 1|| ( ) || {|| || ( )}
k

k M k kk
kx J x min w w S x

tρ η
ρ τ+ ∗ +

,− ≤ : ∈ ,  

which completes the proof. 
We observe that Proposition 3.1, unlike in the case of Rockafellar [5], is not suitable to achieve 

the weak convergence of the sequence. 

Proposition 3.2. Let X be a real Hilbert space, and let 2XM X: →  be η-maximal monotone. Let 
X X Xη : × →  be (t)-strongly monotone. If, in addition,  

( ) ( ) ( ( ) ( ))M M M Mu v J u J v u v J u J v u v Xρ η ρ η ρ η ρ ηγ η, , , ,− , − ≥ − , , ∀ , ∈ ,  

then, for M
kJ I Jρ η
∗

,= − ,  we have ( for 1tγ > )  

2 21( ) ( ) || || || ( ) ( ) ||
2 1 2 1k k k k

t tu v J u J v u v J u J v
t t

γ γ
γ γ

∗ ∗ ∗ ∗−− , − ≥ − + − ,
− −

 

where 1( )
k

MJ I Mρ η ρ −
, = + .  

Proof. The proof follows from using Lemma 3.2, and a simple manipulation. 

Theorem 3.2. Let X be a real Hilbert space, and let 2XM X: →  be η-maximal monotone. Let 
X X Xη : × →  be (t)-strongly monotone and weakly continuous in the second argument. Suppose 

that (for 0γ > )  
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( ) ( ) ( ( ) ( ))M M M Mu v J u J v u v J u J v u v Xρ η ρ η ρ η ρ ηγ η, , , ,− , − ≥ − , , ∀ , ∈ .  (9)

For an arbitrarily chosen initial point 0x ,  suppose that the sequence { }kx  is generated by the pr-
oximal point algorithm 

1 ( )
k

k M kx J xρ η
+

,≈  (10)

such that 
1|| ( ) ||

k

k M k
kx J xρ η ε+

,− ≤ ,  (11)

where 1( )
k

M
kJ I Mρ η ρ −

, = + , and 

{ } { } [0 )k kε ρ, ⊆ ,∞  

are scalar sequences with 1 0k ke ε∞
== Σ < ∞,  and { }kρ  is bounded away from zero. 

Furthermore suppose that the sequence { }kx  is bounded in the sense that there exists at least one 
solution to 0 ( )M x∈ .  Then the following conclusions hold:  
(i) For 1tγ > ,  we have 

2 2 2(2 1) || ( ) || || || || ( ) ||M k k k
kt J x x x x J xρ ηγ ∗ ∗ ∗

,− − ≤ − − .  

(ii) The sequence { }kx  is bounded.  
(iii) 1( ) || || 0k k k

k k klim J x lim x x∗ +
→∞ →∞= − =  for 0kρ > .  

(iv) The sequence { }kx  converges weakly to a solution of (1).  

Proof. Suppose that x∗  is a zero of M. For all 0k ≥ ,  we set  

k

M
kJ I Jρ η
∗

,= − .  

Then from Theorem 3.1, it follows that any solution to (1)  is a fixed point of 
k

MJρ η, ,  and hence a 
zero of kJ ∗ .  The proof of (i) follows from Lemma 3.2 and the following equality 

2 2|| || || ( ) )( ) ( ) ) ) ||M M
k ku v J u J v J u J v u v Xρ η ρ η
∗ ∗

, ,− = − + − ∀ , ∈ .  

Next, we find the estimate 
1 1 1

1 1

|| || || || || ( ) ||

|| ( ( )) ||

|| ( ) ||

|| ( ( ) ||

|| ( ) ||

k

k

k

k

k k k M k
k

k k M k

M k

k k M k

k k
k

x x x x x J x

x x x J x

J x x

x x x J x

x x J x

ρ η

ρ η

ρ η

ρ η

ε+ ∗ + ∗ +
,

+ ∗ +
,

∗
,

∗
,

∗ ∗

− − ≤ − − −

≤ − − −

= −

= − − −

= − − .

 (12)

Applying Proposition 3.2, for 1tγ > ,  we have 
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2

2 2

2 2

2 2

|| ( ) ||

|| || 2 ( ) || ( )||

2( 1) 2(1 )|| || ( 1)|| ( )||
2 1 2 1

2|| || ( 1)|| ( )||
2 1

k k
k

k kk k
k k

k k
k

k k
k

x x J x

x x x x J x J x

t tx x J x
t t

tx x J x
t

γ γ
γ γ

γ
γ

∗ ∗

∗ ∗∗ ∗

∗ ∗

∗ ∗

− −

= − − − , +

−≤ − − − −
− −

≤ − − − .
−

 

Since 2 1 0,
2 1

t
t
γ

γ
⎛ ⎞− >⎜ ⎟−⎝ ⎠

 and 2( 1)0 1,
2 1

t
t

γ
γ

−< <
−

 we have 

1|| || || ||k k
kx x x xε+ ∗ ∗− − ≤ − .  

It further follows that  
1|| || || ||k k

kx x x x ε+ ∗ ∗− ≤ − + .  (13)

Combining (13) for all k, we have  

1 0

0
0

1

|| || || ||

|| ||

k
k

i
i

x x x x

x x e

ε+ ∗ ∗

=

∗

− ≤ − +

≤ − + .

∑  (14)

Hence, the sequence { }kx  is bounded.  
Furthermore, it follows from (14) that  

0
1

1
0

1

|| || || ||

|| ||

k
k

i
i

x x x x

x x e

ε∗ ∗
−

=

∗

− ≤ − +

≤ − + .

∑  (15)

Next, we estimate 
1 2 2 2

2 2 2

2 2 2

0
1

0 2

0

|| || || ( ) ||
2|| ( )||

2|| || ( 1)|| ( )||
2 1

2 || ||
2|| || ( 1) || ( ) ||

2 1
2 (|| || )

2|| || ( 1) ||
2 1

k k k
k k

k k
k k

k k
k k

k
k

k k
k k

k

k

i
i

x x x x J x
x x J x

tx x J x
t

x x
tx x J x

t
x x e

tx x J
t

ε
ε

γ ε
γ

ε
γ ε

γ
ε

γ
γ

+ ∗ ∗ ∗

∗ ∗

∗ ∗

∗

∗ ∗

∗

∗

=

− ≤ − − +
+ − −

≤ − − − +
−

+ −

≤ − − − +
−

+ − +

≤ − − −
− ∑ 2

2

0
1 1

( ) ||

2 (|| || )

ix e

e x x e

∗

∗

+

+ − + ,

 

where 2
2 0 kk

e ε∞

=
= < ∞∑  since { }kε  is summable (and hence 2{ }kε  is summable as well). 

As k → ∞,  we infer that 
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2

0
|| ( ) || ( ) 0

k
i k

i k k
i

J x implies lim J x∗ ∗
→∞

=

< ∞ = .∑  

This implies that 
1 || ( ) || 0k

k kJ xρ − ∗ → ,  

where kρ  is bounded away from zero. Since the sequence { }kx  is bounded, it must have at least one 
weak cluster point, say x′.  It follows that there exists a unique element ( )k ku v M, ∈  represented by 

k k k
ku v xρ+ =  for all k. Since ( )

k

k M ku J xρ η,=  and ( ) 0k
k klim J x∗

→∞ = ,  it implies that 0k kx u− →  
as k → ∞.  It further follows that 

( )
0

k
k k

k k
k

J x
lim v lim

ρ

∗

→∞ →∞= = .  

Let ( ){ }k jx  be a subsequence of { }kx  such that ( )k jx  converges weakly to x′.  Since 0k kx u− → ,  
it implies ( )k ju  also converges weakly to x′.  Let some ( )u v M, ∈ .  Then theη-maximal monotonic-
ity of M implies that 

( ) 0 0k ku u v v for all kη , , − ≥ ≥ .  

Therefore, using the weak continuity of η  in second argument, we have 

( ) 0 0 0u x v for all kη ′, , − ≥ ≥ .  

Since M is η-monotone, and ( )u v,  is arbitrary, it follows that ( 0)x M′, ∈ ,  that is,  x′  is a solution 
to (1). 

Finally, it turns out that the weak cluster point of the sequence { }kx  is unique under the assump-
tions of the theorem. 

4  Application to a Minimization Problem 

In this section, we examine a minimization problem to the context of the η-maximal monotonicity.  

Definition 4.1. Let ( ]f X: → −∞, +∞  be a lower semicontinuous proper convex functional on X. 
The functional u X∗ ∈  is said to be a subgradient of f at a point u iff  

(i) ( )f u ≡ +∞/ ,  
(ii) inequality 

( ) ( ) ( )f v f u u v u v Xη∗− ≥ , , ∀ ∈ .  (16)

The set of all subgradients of f at u is called the subdifferential, ( )f u∂  of f at u. Let f X: →  
( ]−∞,+∞ be a locally Lipschitz functional on X, and let X X Xη : × →  be (t)strongly monotone 
and ( )τ -Lipschitz continuous such that f∂  is η-monotone, that is, 

International Journal of Optimization: Theory, Methods and Applications

GLOBAL INFORMATION PUBLISHER274



 

( ) 0u v u vη∗ ∗− , , ≥ ,  

where ( )u f u∗ ∈ ∂  and ( )v f v∗ ∈ ∂ .  Then f∂  is η − maximal monotone such that (for z∗∀ ) 

( ) ( ) ( ) ( )

( )

w f x f x f x x x w

x arg min f w

η∗ ∗∈ ∂ ⇔ − ≥ , ,

⇔ ∈ − ., .
 

This, in special case, is equivalent to stating that 

0 ( )f x x arg min f∈ ∂ ⇔ ∈ .  

Thus, the generalized proximal point algorithm for M f= ∂  provides a minimizing method for f. 
Now we are preparing for an application of Theorem 3.2 to the minimizing problem. A function 

( ]Xφ : → −∞, +∞  is said to be ( )α -strongly convex if there exists a positive constant α  such that  

21((1 ) ) (1 ) ( ) ( ) (1 ) || ||
2

x x x x x xφ λ λ λ φ λφ αλ λ∗ ∗ ∗− + ≤ − + − − − ,  

where x x X∗, ∈  and 0 1λ< < .  
For an arbitrarily chosen initial point 0x ,  the the proximal point algorithm 

1 ( )
k

k M kx J xρ η
+

,≈  (17)

generates the sequence { }kx  where 1( ) ,
k

M
kJ I Mρ η ρ −

, = +  and { }kρ  is a sequence of positive real nu-
mbers. When M f= ∂ ,  this iterative procedure reduces to 

1 ( )k
x kx arg min xφ+ ≈ ,  (18)

where 

2( ) ( ) || ||
2

k
k

k

tx f x x xφ
ρ τ

= + − .  (19)

Theorem 4.1. Let M f= ∂ ,  and let the map kφ be lower semicontinuous and ( )
k

t
ρ τ -strongly con-

vex. Furthermore, suppose that the sequence { }kx  is generated by the proximal algorithm  

1 ( )
k

k M kx J xρ η
+

,≈  

under the assumption of Theorem 3.1, which satisfies the condition (7). Then we arrive at the follow-
ing conclusions:  
(i) k kS φ∗ = ∂  in condition (7).  
(ii) kφ∂  is lower semicontinuous and ( )

k

t
ρ τ -strongly convex, where  

(iii) kx x∗→  weakly, where ( )f x∗  = min f.  
(iv) f satisfies 

1 1 1 1( ) ( ) ( ) || || ( || ||) 0k k k k
k kf x f x t x x x xρ τ ε+ ∗ − + ∗ +− ≤ − + − → .  
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Proof. To prove (i) if we just subdifferentiate kφ  both sides of (19), we get 

( ) ( ) || || ( )k
k k

k

tx f x x x S x xφ
ρ τ

∗∂ = ∂ + − ≡ ∀ .  

For the proof of (ii), the definition of kφ  ensures the lower semicontinuity and ( )
k

t
ρ τ -strong convexity. 

Next we prove (iii)-(iv) as follows: Since, in light of condition (19), a closed convex set 1( )k
k xφ +∂  

is nonempty, there exists a unique element 1( )k k
kw xφ +∈ ∂  such that 

1 1( ) ( )k k k k

k

tw x x f x
ρ τ

+ +− − ∈ ∂ ,  

where 

|| || 0k k

k

t
w

ε
ρ τ

≤ → .  (20)

Based on Theorem 3.2, let x∗  be the weak limit of the sequence { }kx .  Then, for 0 ( )f x∗∈ ∂  and 
using the subgradient inequality, we have 

1 1 1( ) ( )( ) ( ) ( )k k k k k

k

tf x w x x x x f x min fη
ρ τ

+ + ∗ + ∗+ − − , , ≤ = .  

It further follows that 

1 1 1

1 1

1 1

1 1

1 1

( ) ( ) ( )( ) ( )

|| ( ) || || ( )( ) ||

|| ( ) || [|| || ( ) || ||]

|| || [|| || ( ) || ||]

|| || [ || ||]

k k k k k

k

k k k k

k

k k k k

k

k k k k

k

k k k
k

k

tf x f x w x x x x

tx x w x x

tx x w x x

tx x w x x

t x x x x

η
ρ τ

η
ρ τ

η
ρ τ

τ
ρ τ

ε
ρ

+ ∗ + + ∗

+ ∗ +

+ ∗ +

+ ∗ +

+ ∗ +

− ≤ − − , ,

≤ , − −

≤ , + −

≤ − + −

≤ − + −

 

Finally, on applying Theorem 3.2 and (20), we have 

1 1 1( ) ( ) || || [ || ||] 0k k k k
k

k

tf x f x x x x xε
ρ

+ ∗ + ∗ +− ≤ − + − → .  
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On the Sum of Two Triangular Random Variables 

Mridula Garg1, Sangeeta Choudhary2, S. L. Kalla3* 

1 Department of Mathematics, University of Rajasthan, Jaipur-302004, India 
2 Department of Mathematics, Swami Keshvanand Institute of Technology, M & G, Jaipur-302017, India 

3 Department of Mathematics & Computer Science, Kuwait University, Safat-13060, Kuwait 
shyamkalla@yahoo.com, shyamkalla@gmail.com 

Abstract. In this note, we derive the probability density function (pdf) for the sum of two in-
dependent triangular random variables having different supports, by considering all possible 
cases. As an illustration, we obtain the value of pdf, for some selected values of the parameters, 
involved in their definitions. We also give some graphs showing variation in pdf with variations 
in the mode and two boundary points. 

Keywords and phrases: triangular distribution, Laplace transforms, distribution of sum of 
independent random variables. 

1  Introduction 

The triangular distribution is often used when there is only limited sample data, and especially in cases 
where the relationship between variables is known but data is scarce. In 1997, Johnson explored the 
advantages of using the triangular distribution as a proxy for the beta distribution. Advantages of 
using triangular distribution over beta distribution have been discussed in detail in the book by Kotz 
and Van Dorp (2004). Recently the triangular distribution is gaining popularity due to its use in 
discrete system simulation and Monte Carlo simulation technique as noted by Banks et al.(2000) and 
Wright (2002) respectively. Antonia and Goncalves (2006) add some new applications of triangular 
and trapezoidal distributions in the genome analysis, particularly, in the construction of physical 
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mapping of linear and circular chromosomes. The distribution of sum of two triangular random vari-
ables X and Y is used in PERT analysis as referred by Johnson (1997) where the random variables 
X and Y may be viewed as uncertainty of two independent consecutive activity durations and X+Y is 
the overall completion time. 

In this note, we derive the pdf of the sum of two non identical, independent and triangularly dis-
tributed random variables. The distribution of sum of random variables is of interest in many areas 
of physics and engineering. For example, sums of independent gamma random variables have appli-
cation in problems of queuing theory such as determination of total waiting time, in civil engineer-
ing, such as determination of the total excess water flow in a dam. Since 1934, the problem of deriv-
ing the distribution of sums of random variables has received a great deal of attention and system-
atic procedures for determining such distributions have been well developed by many authors such 
as Witner (1934), Aroian (1944), Cramer (1946, 1962) and Lukacs (1964, 1970) to mention a few. 
The distribution of sum of two independent random variables has been obtained by several authors. 
In this context the works of Albert (2002) for uniform variates, Moschopoulos (1985) and Holm 
(2004) for gamma variates, Loaiciga and Leipnik (1999) for Gumble variates, Van Dorp and Kotz 
(2003) for triangular variates (sharing the same support but not necessarily the same mode) are worth 
mentioning. Recently Garg (2008) has obtained the distribution of sum of triangular and bilateral 
exponential random variables. Here we aim to extend the work of Dorp and Kotz (2003) by taking 
two triangular random variables lying on different supports. 

2  Derivation of Pdf 

A triangular distribution of a random variable X1 is a continuous probability distribution with lower 
limit 1a , mode 1m and upper limit 1b . Its pdf on the support 1 1 1a x b≤ ≤  is defined as 

1 1
1 1

1 1 1 1
1 1

1 1
1 1

1 1 1 1

2( )
( )( )

( )
2( )

( )( )

x a
a x m

b a m a
f x

b x
m x b

b a b m

−⎧ ≤ ≤⎪ − −⎪= ⎨ −⎪ ≤ ≤
⎪ − −⎩

 (1)

We take one more independent and triangularly distributed random variable X2 on the support 

2 2 2a x b≤ ≤  having mode m2. To simplify the presentation, we assume without loss of generality that 
both X1 and X2 are positive. 

The pdf of the sum of two random variables W = X1+X2 can be obtained by using Laplace trans-
form and its inversion noted by Springer (1979) and is expressed as 

[ ]1
1 1 2 2( ) ( ) ( )s s sh w L L f x L f x−=  (2)

where 1 1( )f x and 2 2( )f x  denote the pdf's of random variables X1 and X2  respectively. The Laplace 
transform of 1 1( )f x can easily be obtained as 
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1 1 1

1 1 1

1 1 1 1 12 2
1 1 1 1

1 1

1 1 1 1 12 2
1 1 1 1

2 ( )
( )( )

( ( ))
2 ( )

( )( )

sm sm sa

s sm sm sb

e e em a a x m
b a m a s s s

L f x
e e eb m m x b

b a b m s s s

− − −

− − −

⎧ ⎛ ⎞
− − + ≤ ≤⎪ ⎜ ⎟− − −⎪ ⎝ ⎠= ⎨

⎛ ⎞⎪ − − + ≤ ≤⎜ ⎟⎪ − − ⎝ ⎠⎩

 (3)

Similarly 

2 2 2

2 2 2

2 2 2 2 22 2
2 2 2 2

2 2

2 2 2 2 22 2
2 2 2 2

2 ( )
( )( )

( ( ))
2 ( )

( ) ( )

sm sm sa

s sm sm sb

e e em a a x m
b a m a s s s

L f x
e e eb m m x b

b a b m s s s

− − −

− − −

⎧ ⎛ ⎞
− − + ≤ ≤⎪ ⎜ ⎟− − −⎪ ⎝ ⎠= ⎨

⎛ ⎞⎪ − − + ≤ ≤⎜ ⎟⎪ − − ⎝ ⎠⎩

 (4)

Now, derivation of the pdf h(w) requires consideration of four different cases where the values 
of X1 and X2 are located in different segments of their domains. The four cases along with their sub 
cases are shown in the Table 1. 

Table 1. Cases and sub cases involved in determining the pdf of sum 

S. No. Cases Sub-Cases 

I 1 1 1a x m≤ ≤ and 2 2 2a x m≤ ≤  1 2 1 2 1 2 1 2 1 2 1 2,,a m m a a m m a a m m a+ < + + = + + > +  

II 1 1 1a x m≤ ≤ and 2 2 2m x b≤ ≤  1 2 1 2 1 2 1 2 1 2 1 2, ,a b m m a b m m a b m m+ < + + = + + > +  

III 1 1 1m x b≤ ≤ and 2 2 2a x m≤ ≤  1 2 1 2 1 2 1 2 1 2 1 2, ,m m b a m m b a m m b a+ < + + = + + > +  

IV 1 1 1m x b≤ ≤ and 2 2 2m x b≤ ≤  1 2 1 2 1 2 1 2 1 2 1 2, ,m b b m m b b m m b b m+ < + + = + + > +  

Results 

Case I. 1 1 1a x m≤ ≤ and 2 2 2a x m≤ ≤  
We now obtain the expression for 1( )h w , the value of h(w) in Case I. Using eq. (3) and (4) in eq. (2), 

we get 

1 1 1 2 2 2
1

1 1 1 1 2 22 2 2 2( ) ( ) ( )
sm sm sa sm sm sa

s
e e e e e eh w L k m a m a

s ss s s s

− − − − − −
− ⎡ ⎤⎛ ⎞ ⎛ ⎞

= − − + − − +⎢ ⎥⎜ ⎟ ⎜ ⎟− −⎝ ⎠ ⎝ ⎠⎣ ⎦
 (5)

where 1
1 1 2 2 1 1 2 2

4
( )( )( )( )

k
b a b a m a m a

=
− − − −

 

On taking the inverse Laplace transform of the functions in the r.h.s. of (5), the value of 1( )h w , 
for different values of can be written as follows. 
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2 2 23 2
1 2 1

1 1 1 2 1 1 2 2 1 2 1 2

2 3 3
2 1 2

1 2 1 2 1 2

1 2

( ) ( ) ( )
6 2 2 2 2

( ) ( )
2 3 3

for

m m mw wh w k a a w a m a m a a a a

m m m
a a a a m m

w m m

⎡ ⎛ ⎞
= − + − + − − − − −⎢ ⎜ ⎟

⎢ ⎝ ⎠⎣
⎤

+ − − + + + ⎥
⎦

≥ +

 
(6)

2 23 2
1 2

1 1 1 2 2 2 1 2

2 2 3 3
2 1 2 1 2

2 1 1 2 2

1 2

( ) ( )
6 2 2 2

( )
2 2 6 3

for

a mw wh w k a a w a m a a

m a a a m
a a a a m

w a m

⎡ ⎛ ⎞
= − + + + − + − −⎢ ⎜ ⎟

⎢ ⎝ ⎠⎣
⎤

+ − + + + − ⎥
⎦

≥ +

 
(7)

2 23 2
1 2

1 1 1 2 1 1 1 2

2 2 3 3
1 1 2 2 1

1 2 1 2 1

1 2

( ) ( )
6 2 2 2

( )
2 2 6 3

for

m aw wh w k a a w a m a a

m a a a m
a a a a m

w m a

⎡ ⎛ ⎞
= − + + + − − −⎢ ⎜ ⎟

⎢ ⎝ ⎠⎣
⎤

+ − + + + − ⎥
⎦

≥ +

 
(8)

3 2
2 3

1 1 1 2 1 2 1 2
1( ) ( ) ( ) ( )

6 2 2 6
w w wh w k a a a a a a
⎡ ⎤

= − + + + − +⎢ ⎥
⎣ ⎦

   for  1 2w a a≥ +  (9)

Combining these equations according to the sub cases of Case I, the following expressions for 

1( )h w are obtained on the support [ 1 2 1 2,a a m m ⎤+ + ⎦ .  
If 1 2 1 2a m m a+ < + : 

3 2
2 3

1 1 2 1 2 1 2 1 2 1 2

2 2 3 3
2 2 1 2 2 2

1 2 2 1 2 1 2 2 1 2 1 2

1 2 23 2
1 2

1 1 2 1 1 2 2 1 2

2
1

1

1( ) ( ) ( ) ( , )
6 2 2 6

( ) ( ) ( , )
2 2 2 6 3

( )
( )

6 2 2 2

(
2

w w wk a a a a a a w a a a m

m a a a mwk m a a a a a m w a m m a

h w
m mw wk a a w a m a m a a

m
a a

⎡ ⎤
× − + + + − + ∈ + +⎢ ⎥
⎣ ⎦
⎡ ⎤

× − − − − + − − ∈ + +⎢ ⎥
⎣ ⎦

=
⎡ ⎛ ⎞

× − + + + + − − −⎢ ⎜ ⎟
⎢ ⎝ ⎠⎣

+ −
2 3 3
2 1 2

2 1 2 1 2 1 2 1 2 1 2) ( ) ( ) ( , )
2 3 3

m m m
a a a a m m w m a m m

⎧
⎪
⎪
⎪
⎪
⎪⎪
⎨
⎪
⎪
⎪
⎪ ⎤
⎪ − − + + − − ∈ + +⎥
⎪ ⎦⎩

 (10)

If 1 2 1 2a m m a+ = + : 
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3 2
2 3

1 1 2 1 2 1 2 1 2 1 2

2 23 2
1 2

1 1 1 2 1 1 2 2 1 2

2 2 3 3
1 2 1 2

1 2 1 2 1 2 1 2 1 2 1 2

1( ) ( ) ( ) ( , )
6 2 2 6

( ) ( )
6 2 2 2

( ) ( ) ( ) ( , )
2 2 3 3

w w wk a a a a a a w a a a m

m mw wh w k a a w a m a m a a

m m m m
a a a a a a m m w a m m m

⎧ ⎡ ⎤
× − + + + − + ∈ + +⎪ ⎢ ⎥
⎣ ⎦⎪

⎪ ⎡ ⎛ ⎞⎪= × − + + + + − − −⎢⎨ ⎜ ⎟
⎢ ⎝ ⎠⎪ ⎣

⎪ ⎤⎪ + − − − + + − − ∈ + +⎥⎪ ⎦⎩

  (11)

If 1 2 1 2a m m a+ > + : 
3 2

2 3
1 1 2 1 2 1 2 1 2 1 2

2 2 3 3
2 1 1 2 1 1

1 1 1 1 2 1 2 1 1 2 1 2

1 2 23 2
1 2

1 1 2 1 1 2 2 1 2

2
1

1

1( ) ( ) ( ) ( , )
6 2 2 6

( ) ( ) ( , )
2 2 2 6 3

( )
( )

6 2 2 2

(
2

w w wk a a a a a a w a a m a

m a a a mwk m a a a a a m w m a a m

h w
m mw wk a a w a m a m a a

m a a

⎡ ⎤
× − + + + − + ∈ + +⎢ ⎥
⎣ ⎦
⎡ ⎤

× − + − − + − − ∈ + +⎢ ⎥
⎣ ⎦

=
⎡ ⎛ ⎞

× − + + + + − − −⎢ ⎜ ⎟
⎢ ⎝ ⎠⎣

+ −
2 3 3
2 1 2

2 1 2 1 2 1 2 1 2 1 2) ( ) ( ) ( , )
2 3 3

m m ma a a a m m w a m m m

⎧
⎪
⎪
⎪
⎪
⎪⎪
⎨
⎪
⎪
⎪
⎪ ⎤
⎪ − − + + − − ∈ + +⎥
⎪ ⎦⎩

  (12)

Remark: For the remaining Cases II, III and IV the equations corresponding to eqs. (6) to (9) 
can be obtained on replacing 2 2a b→ , 1 1a b→ and 1 1a b→ , 2 2a b→ in these equations respectively. 

Now following the lines of Case I and using the new equations obtained in the light of the above 
remark, we get the following components of h(w) from 2 ( )h w  to 4 ( )h w for the Cases II, III and IV. 

Case II. 1 1 1a x m≤ ≤ and 2 2 2m x b≤ ≤  

Here 2
1 1 2 2 1 1 2 2

4
( )( )( )( )

k
b a b a m a b m

=
− − − −

 

If 1 2 1 2a b m m+ < + : 

( )

2 23 2
1 2

2 1 2 2 2 1 2

2 2 3 3
2 1 2 1 2

2 1 1 2 2 1 2 1 2

2 2 3 3
2 2 1 2 2 2

2 2 2 2 2 1 1 2 2 1 2 1 2

3 2
1

2 1 2

( )
6 2 2 2

( ) ( , )
2 2 6 3

( ) ( ) ( , )
2 2 2 6 3

( )
6 2

a mw wk a b w b m a b

m a b a m
b a a b m w a m a b

m a b b mwh w k b m b a a b m w a b m m

mw wk a b w

⎡ ⎛ ⎞
× − + + + − + − −⎢ ⎜ ⎟
⎢ ⎝ ⎠⎣

⎤
+ − + + + − ∈ + +⎥

⎦
⎡ ⎤

= × − + − − + − − ∈ + +⎢ ⎥
⎣ ⎦

× − + + −
2 2

2
1 1 1 2

2 2 3 3
1 1 2 2 1

2 1 1 2 1 1 2 1 2

2 2

( ) ( , )
2 2 6 3

b
a m a b

m a b b m
b a a b m w m m m b

⎧
⎪
⎪
⎪
⎪
⎪
⎪
⎪⎪
⎨
⎪
⎪ ⎡ ⎛ ⎞⎪ + + +⎢ ⎜ ⎟⎪ ⎢ ⎝ ⎠⎣⎪
⎪ ⎤

+ − − − − + ∈ + +⎪ ⎥
⎪ ⎦⎩

  (13)
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If 1 2 1 2a b m m+ = + : 

2 23 2
1 2

2 1 2 2 2 1 2

2 2 3 3
2 1 2 1 2

2 1 1 2 2 1 2 1 2

2 2 23 2
1 2

2 1 2 1 1 1 2

2 2 3 3
1 1 2 2 1

2 1 1 2 1
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6 2 2 2
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⎢ ⎝ ⎠⎣

⎤
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⎦=
⎡ ⎛ ⎞
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⎧
⎪
⎪
⎪
⎪
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⎪
⎪
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⎪
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  (14)

If 1 2 1 2a b m m+ > + : 
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2 2 3 3
2 1 1 2 1 1

2 2 1 1 2 1 1 2 1 1 2 1 2

3 2

2 1 2

( )
6 2 2 2

( ) ( , )
2 2 6 3

( ) ( ) ( ) ( , )
2 2 2 6 3

( )
6 2

a mw wk a b w b m a b

m a b a m
b a a b m w a m m m

m a b a mwh w k m a b a a b m w m m a b

w wk a b w

⎡ ⎛ ⎞
× − + + + − + − −⎢ ⎜ ⎟
⎢ ⎝ ⎠⎣

⎤
+ − + + + − ∈ + +⎥

⎦
⎡ ⎤

= × − − + − + − + + ∈ + +⎢ ⎥
⎣ ⎦

× − + +
2 2
1 2

1 1 1 2

2 2 3 3
1 1 2 2 1

2 1 1 2 1 1 2 1 2

2 2

( ) ( , )
2 2 6 3

m b
a m a b

m a b b m
b a a b m w a b m b

⎧
⎪
⎪
⎪
⎪
⎪
⎪
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⎨
⎪
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  (15)

Case III. 1 1 1m x b≤ ≤ and 2 2 2a x m≤ ≤  

Here 
( ) ( ) ( ) ( )3

1 1 2 2 1 1 2 2

4k
b a b a b m m a

=
− − − −

 

If 1 2 1 2m m b a+ < + : 

International Journal of Optimization: Theory, Methods and Applications

GLOBAL INFORMATION PUBLISHER284



 

2 23 2
1 2

3 1 2 1 1 1 2

2 2 3 3
1 1 2 2 1

1 2 1 2 1 1 2 1 2

2 2 3 3
2 2 1 2 2 2

3 3 2 2 1 2 1 2 2 1 2 1 2

3 2

3 1 2

( )
6 2 2 2

( ) ( , )
2 2 6 3

( ) ( ) ( ) ( , )
2 2 2 6 3

( )
6 2

m aw wk b a w b m b a

m b a a mb a b a m w m a m m

m b a a mwh w k m a b a b a m w m m b a

w wk b a w

⎡ ⎛ ⎞
× − + + + − − −⎢ ⎜ ⎟
⎢ ⎝ ⎠⎣

⎤
+ − + + + − ∈ + +⎥

⎦
⎡ ⎤

= × − − + − + − + + ∈ + +⎢ ⎥
⎣ ⎦

× − + + −
2 2
2 1

2 2 1 2

2 2 3 3
2 1 2 1 2

1 2 1 2 2 1 2 1 2

2 2

( ) ( , )
2 2 6 3

m b a m b a

m b a b m
b a b a m w b a b m

⎧
⎪
⎪
⎪
⎪
⎪
⎪
⎪⎪
⎨
⎪
⎪ ⎡ ⎛ ⎞⎪ + + +⎢ ⎜ ⎟⎪ ⎢ ⎝ ⎠⎣⎪
⎪ ⎤

+ − − − − + ∈ + +⎪ ⎥
⎪ ⎦⎩

  (16)

If 1 2 1 2m m b a+ = + : 
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If 1 2 1 2m m b a+ > + : 
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Case IV. 1 1 1m x b≤ ≤ and 2 2 2m x b≤ ≤  

Here 4
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4
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If 1 2 1 2m b b m+ < + : 
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If 1 2 1 2m b b m+ = + : 
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If 1 2 1 2m b b m+ > + : 
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⎧
⎪
⎪
⎪
⎪
⎪⎪
⎨
⎪
⎪
⎪
⎪ ⎡ ⎤
⎪ + + − + + + ∈ + +⎢ ⎥
⎪ ⎣ ⎦⎩

  (21)

Illustration  

We now find h(w) in the case when 1 2 1 2 1 2, ,a a m m b b< < <  with 1 2 1 2,m a b m= =  and the conditions 

1 1 1 1 2 2 2 22( ), .m a b m m a b m− = − − = −  For this, consideration of appropriate expressions of 1( )h w  to 

4 ( )h w  are required which, in turn, depend upon the relative magnitudes of the quantities 1 2 ,a m+  

1 2 1 2 1 2 1 2 1 2, , , ,m a a b m m b a b m+ + + + +  and 1 2m b+  lying in the interval [ ]1 2 1 2,a a b b+ +  of the vari-
able w. For our case, it is easy to observe that the sequence of these quantities will be 1 2 1 2a a a m+ < +  

1 2 1 2 1 2 1 2 1 2 1 2 1 2m a a b m m b a m b b m b b< + = + < + = + < + = + < + and hence the equations for this pdf 
will be (10), (13), (17) and (21). Combination of these equations according to the respective inter-
vals give the pdf h(w) on the support [ 1 2a a+ , ]1 2b b+  as shown below. 
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It can be verified that integrals of above values of h(w), in the corresponding intervals, add up to  
1 i.e., 1 2

1 2

( ) 1
b b

a a
h w dw

+

+
=∫ . 

Fig. 1 shows the pdf h(w) for the above illustrated case for selected values of 1 2 1 2 1, , , ,a a b b m  and 

2m . 
Figs. 2, 3 and 4 show the variations in h(w) with respect to variations in 2 2,m a  and 2b  respectively, 

keeping others parameters fixed. 
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Fig. 1. h(w) for selected values of 1 2 1 2 1, , , ,a a b b m and 2m . 
A: 1 1 1 2 2 21, 3, 4; 3, 4, 5a m b a m b= = = = = =  
B: 1 1 1 2 2 21, 5, 7; 5, 7, 9a m b a m b= = = = = =  
C: 1 1 1 2 2 21, 7, 10; 7, 10, 13a m b a m b= = = = = =  
D: 1 1 1 2 2 21, 9, 13; 9, 13, 17a m b a m b= = = = = =  

 

Fig. 2. h(w) for different values of 2m with 1 2 1 1 2( 0 , 0.9, 2 )a a m b b= = = = =  
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Fig. 3. h(w) for different values of 2a with 1 1 2 1 2 )( 0.5, 1 , 2a m m b b= = = = =  

 

Fig. 4. h(w) for different values of 2b with 1 2 1 2 1( 0 , 1 , 1.5)a a m m b= = = = =  
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Abstract. In this paper, we study a particular type of convex fractional programming problem 
and its dual under fuzzy environment. We present appropriate duality results for a fuzzy envi-
ronment using aspiration level approach. This study use linear membership functions to repr-
esent fulfillment of the decision maker’s degree of satisfaction.  

Keywords:  Fuzzy set theory, fractional programming, duality theory, primal-dual problems.  

1  Introduction 

Mathematical programming finds an extensive use in facilitating managerial decision situations in 
a large number of domains. An important class of mathematical programming problems is fractional 
programming which deals with situations where a ratio between physical and/or economical func-
tions, is maximized (or minimized).  

There are many decision situations that necessitate consideration of uncertainties in working envi-
ronment best captured by fuzzy set theory. The concept of decision making in fuzzy environment 
was first proposed by Bellman and Zadeh [1]. Subsequently, Tanaka et al. [2] made use of this con-
cept in mathematical programming. The use of fuzzy set theory in fractional programming has been 
discussed by many authors, e.g. Luhandjula [3], Dutta et al. [4], Ravi and Reddy [5], Gupta and 
Bhatia [6], Chakraborty and Gupta [7], Stancu-Minasian and Pop [8], Mehra et al. [9], Pop and Stan-
cu-Minasian [10].  
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The main focus in fuzzy fractional programming like other fuzzy mathematical programming pro-
blems has been placed on how to identify the best compromise solution yielding the highest possi-
ble degree of membership(overall satisfaction). It is natural therefore that the duality theory plays 
an important role for attaining the goal in a fuzzy environment as well. However, only few studies 
exploring duality in fuzzy fractional programming have appeared in literature. Lee et al. [11] de-
veloped a parallel algorithm and studied duality for a fuzzy multiobjective linear fractional program-
ming problem. Wu [12] developed duality theory in fuzzy optimization problems formulated by the 
Wolfe’s primal and dual pair. Gupta and Mehlawat [13] studied duality for fuzzy linear fractional 
programming under fuzzy environment using both linear and nonlinear membership functions.  

In this paper, we attempt to generate duality results for a particular type of convex fractional pro-
gramming problem and its dual under fuzzy environment using the aspiration level approach desc-
ribed by Zimmermann [14]. The aspiration level approach used in the present study is based on the 
fact that in practice a decision maker is more comfortable describing fuzzy constraints or establish-
ing aspiration levels for the objective and/or constraints than specifying a large number of fuzzy nu-
mbers for the various parameters of the problem. Moreover, the aspiration level approach is more eff-
ective as it does not require consistency in the decision maker’s judgment; the aspiration levels are 
more like a probe than weighting parameters.  

The present research relies on the fact that the duality between fuzzy primal-dual pair can be re-
laxed (with additional terms) from the conventional duality (without additional terms) owing to the 
presence of fuzzy constraints (soft constraints) as developed by Bector and Chandra [15] for fuzzy 
primal-dual linear programming problems. However, the duality results generated for a fuzzy envi-
ronment must conform to the corresponding results for the crisp situations. This implies that the 
duality results for a fuzzy environment are a special case and lead to the corresponding results from 
crisp situations. The concept of duality for a fuzzy environment used in the present study is well 
supported by a significant amount of prior research for fuzzy primal-dual linear programming prob-
lems, e.g. Hamacher et al. [16], Rödder and Zimmermann [17], Liu et al. [18], Bector and Chandra 
[15, 19], Bector et al. [20, 21], Vijay et al. [22].  

This paper is organized as follows. In Section 2, we consider a pair of fuzzy primal-dual fractional 
programming problems in which vague aspiration levels are represented by linear membership func-
tions. We establish appropriate duality results for a fuzzy environment. In Section 3, we present nu-
merical illustrations of the duality results and related situations. Finally, some concluding remarks 
are made in Section 4. 

2  Duality for a Fuzzy Convex Fractional Programming Problem 

We consider the following convex fractional programming problem and its dual studied in [23]. 
2( )(PCFPP) min ( )

subject to

t

t

c xf x
d x

=  
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0
Ax b
x

≥ ,
≥ ,

 

2

(DCFPP) max ( )
subject to

2
0

t

t

g u v b u

A u dv cv
u v

, =

+ ≤ ,
, ≥ ,

 

where A is an m n×  matrix, x , c and d are column vectors with n components, b is a column vector 
with m components. Let { 0}S x Ax b x= | ≥ , ≥  be the domain of feasible solutions for the primal pro-
blem (PCFPP). On domain S, assume that 0tc x ≥  and 0.td x >  Let 2{( ) 0 0 tT u v u v A u dv= , | ≥ , ≥ , +   

2 }cv≤  be the domain of feasible solutions for the dual problem (DCFPP).  
Consider following fuzzy versions of the (PCFPP) and the (DCFPP) in the sense of Zimmermann 

[14]. Let us call them (FPCFPP) and (FDCFPP).  

2

0

0

2

(FPCFPP)Find subject to
( )( )

0
(FDCFPP)Find subject to

( )

2
0

n

t

t

m

t

t

x R
c xf x z
d x

Ax b
x

u R v R
g u v b u w

A u dv cv
u v

∈

= < ,

> ,
≥ .

∈ , ∈
, = > ,

+ < ,
, ≥ .

%

%

%

%

 

Here “ <
%

” and “ >
%

” indicates that the inequalities are flexible and may be described by a fuzzy 
set whose membership function represents fulfillment of the decision maker’s degree of satisfac-
tion and have interpretation of “essentially less than” and “essentially greater than” in the sense of 
Zimmermann [14]. Also 0z  and 0w  are aspiration levels of the two objectives.  

Further, let 0 , ( 1 2 ),ip p i m= , , ,L  be subjectively chosen constants of admissible violations associ-
ated with the objective function and the constraints of the problem (PCFPP).  

Next, we define linear membership functions [0 1]i Rμ : → ,  to obtain a degree of satisfaction in the 
problem (FPCFPP).  

0

0
0 0 0 0

0

0 0

1 if ( )
( )

( ) 1 if ( )

0 if ( )

f x z
f x z

x z f x z p
p

f x z p

μ

⎧ ≤ ,
⎪ −⎪= − < ≤ + ,⎨
⎪
⎪ > + ,⎩

 (1)
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Fig. 1   Membership function for the objective function value goal  
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⋅

⋅
⋅

⋅
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⎪ < − .⎩

 (2)

 

Fig. 2  Membership function for the fuzzy inequality constraint 0i iA x b⋅ − >
%

  

Using the “min” operator to aggregate the overall satisfaction and following Zimmermann [14], 
the crisp equivalent of the problem (FPCFPP) is 
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(CP) min
subject to

λ−
 

0 0( 1) ( )p z f xλ − ≤ − ,  (3)

( 1) ( 1 2 )i i ip A x b i mλ ⋅− ≤ − , = , , , ,L  (4)

1λ ≤ ,  (5)

0x λ, ≥ ,  (6)

where ( 1 2 )iA i m⋅ = , , ,L   denotes the i th row of the matrix A and ib  is the i th component of b.  
Let ( 0 1 2 )jq j n= , , , ,L  be subjectively chosen constants of admissible violations of the objective 

and the constraint functions of the problem (DCFPP). On the same lines as above, we obtain crisp 
equivalent of the problem (FDCFPP) as 

(CD) max
subject to

η
 

0 0( 1) ( )q g u v wη − ≤ , − ,  (7)

2( 1) 2 ( 1 2 )t
j j j jq c v A u d v j nη ⋅− ≤ − − , = , , , ,L  (8)

1η ≤ ,  (9)

0u v η, , ≥ .  (10)

Next, we establish appropriate duality results under fuzzy environment for the pair (CP), (CD).   

Theorem 1. Let ( )x λ,  be feasible for (CP) and ( )u v η, ,  be feasible for (CD). Then 

( 1) ( 1) ( ) ( )t tq x p u f x g u vη λ− + − ≤ − , .  (11)

Proof: Assume that S φ≠  and .T φ≠  Multiply (8) by 0,x ≥  we get 

2( 1) 2t t t t tq x x cv x A u x dvη − ≤ − − .  (12)

Also, multiply (4) by 0,u ≥  we get  

( 1) t t t tp u x A u b uλ − ≤ − .  (13)

Adding (12) and (13), we get 
2( 1) ( 1) 2t t t t tq x p u x cv x dv b uη λ− + − ≤ − − ,  

or 
2

1 2 1 2 2 ( )( 1) ( 1) ( ( ) ( )( ) )
t

t t t t t t
t

c xq x p u b u v d x c x d x
d x

η λ / − /− + − ≤ − − − + ,  
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or  
2

1 2 1 2 2 ( )( 1) ( 1) ( ( ) ( )( ) ) 0
t

t t t t t t
t

c xq x p u b u v d x c x d x
d x

η λ / − /− + − + + − − ≤ .  

Therefore, 
2( )( 1) ( 1) 0

t
t t t

t

c xq x p u b u
d x

η λ− + − + − ≤ ,  

or  

( 1) ( 1) ( ) ( )t tq x p u f x g u vη λ− + − ≤ − , .  

Hence the result. 
The inequality (11) as defined above is a generalization of the crisp weak duality result, i.e. the 

crisp weak duality inequality ( ) ( )g u v f x, ≤  is generalized to the fuzzy weak duality inequality (g u,  
) ( ).v f x<
%

 In an economic analysis of the weak duality result, the fuzzy inequality assumes that the 
decision maker is able to maximize or minimize the “utility functions” and thus take into considera-
tion all possible decisions of the competitors. Then, the decision maker can draw upon preference 
functions for his losses from a simultaneous consideration of the competitor’s decision and his own. 
Thus, we obtain a special kind of bounded relationship between the solutions that satisfy the deci-
sion maker’s assessments of prices and quantities in competitive situations, as opposed to a strict op-
timizer such as a maximizer or minimizer.  

In order to satisfy the fuzzy inequality, some tolerance must be given for the satisfying solutions of 
the decision makers, which is, in general, not bounded. By relaxing the fuzzy inequality, we allow 
the decision makers to make decisions that maximize (or minimize) their utility functions, subject 
to the bounded relationship defined in the inequality (11).  

Remark 1. It may be noted that for 1λ =  and 1η =  (i.e. when the original problems are crisp), 
the inequality (11) reduces to ( ) ( )g u v f x, ≤ , which is the standard weak duality result in the crisp 
duality theory. Also, for 0 1λ< <  and 0 1,η< <  the situation remains fuzzy. For given tolerance levels 

1 2( )mp p p p= , , ,L   and 1 2( ),nq q q q= , , ,L  the situation is quantified in the following expression: 

( 1) ( 1)t tq x p uη λ− + −  

Remark 2. In addition to inequality (11), adding (3) and (7), we can arrive at 

0 0 0 0( 1) ( 1) ( ( ) ( )) ( )p q g u v f x z wλ η− + − ≤ , − + − .  (14)

It may also be noted that the inequality (14) relates the relative difference of the aspiration lev-
els 0z  of ( ),f x  and 0w  of ( ),g u v,  respectively, in terms of their tolerance levels 0p  and 0 .q  If in add-
ition to 1λ =  and 1η = , we also have 0 0 0,z w− =  then combining the inequalities (11) and (14) gives 

( ) ( )f x g u v= , , i.e. x  and w are optimal for the crisp problems (PCFPP) and (DCFPP). 
Since (CP) and (CD) are not dual in the conventional sense but only crisp equivalents of the fuzzy 

pair (FPCFPP) and (FDCFPP), there may not be a direct or converse duality between them. How-
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ever, like the crisp convex fractional programming duality scenario, we can verify the extent to which 
the crisp equivalent (11) of the fuzzy weak duality inequality is satisfied as an equality.  

Theorem 2. Let ( )x λ,  be feasible for (CP), and let ( )u v η, ,  be feasible for (CD) such that 

(i) ( 1) ( 1) ( ) ( )t tq x p u f x g u vη λ− + − = − ,   
(ii) 0 0 0 0( 1) ( 1) ( ( ) ( )) ( )q p g u v f x z wη λ− + − = , − + −   
(iii) The aspiration levels 0z  and 0w  satisfy 0 0 0w z− ≤   

then ( )x λ,  is optimal to (CP) and ( )u v η, ,  is optimal to (CD).   

Proof: Let ( )x λ,  be feasible for (CP) and ( )u v η, ,  be feasible for (CD). Using theorem 1, we have 

( 1) ( 1) ( ( ) ( )) 0t tq x p u f x g u vη λ− + − − − , ≤ .  (15)

From (i) we are given that 

( 1) ( 1) ( ) ( )t tq x p u f x g u vη λ− + − = − , .  (16)

The relations (15) and (16) imply that for any feasible solution ( )x λ,  of (CP) and for any feasible 
solution ( )u v η, ,  of (CD), we have 

( 1) ( 1) ( ( ) ( ))
( 1) ( 1) ( ( ) ( ))

t t

t t

q x p u f x g u v
q x p u f x g u v

η λ
η λ
− + − − − ,

≤ − + − − − , .
 

This further implies that ( )x u vλ η, , , ,  is optimal to the following problem whose maximum value 
is zero,  

( )

0 0

0 0
2

max ( 1) ( 1) ( ( ) ( ))

subject to
( 1) ( )
( 1) ( 1 2 )
( 1) ( )

( 1) 2 ( 1 2 )

1
0

0

t t

i i i

t
j j j j

q x p u f x g u v

p z f x
p A x b i m
q g u v w

q c v A u d v j n

x u v

η λ

λ
λ
η
η
λ η

λ η

⋅

⋅

− + − − − ,

− ≤ − ,
− ≤ − , = , , , ,
− ≤ , − ,

− ≤ − − , = , , , ,

, ≤ ,
, , ≥ ,
, ≥ .

L

L

 

Now from the given condition (i), we have 

( 1) ( 1) ( ( ) ( )) 0t tq x p u f x g u vη λ− + − − − , = .  (17)

Also from given condition (ii), we have 

0 0 0 0( 1) ( 1) ( ( ) ( )) ( ) 0q p g u v f x z wη λ− + − − , − − − = .  (18)

Adding (17) and (18), we get  

 0 0 0 0( 1) ( 1) ( 1) ( 1) ( ) 0t tq x p u p q w zη λ λ η− + − + − + − + − = .  
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Since each term in the above sum is non-positive (because 1λ η, ≤ ) and, therefore, each of these 
terms should each be equal to zero, i.e. 

0

0

0 0

( 1) 0
( 1) 0
( 1) 0
( 1) 0

0

t

t

q x
p u
p
q

w z

η
λ
λ
η

− = ,
− = ,
− = ,
− = ,
− = .

 

Since 0( 1) 0pλ − ≤  and 0( 1) 0qη − ≤  (because 1λ η, ≤ ), we get  

0 0( 1) ( 1)p pλ λ− ≤ − ,  

and 

0 0( 1) ( 1)q qη η− ≤ − .  

But 0 0p >  and 0 0,q >  so canceling 0p  and 0q , we get λ λ− ≥ −  (or λ λ≤ ) and η η≤ .  
Hence the result. 
In the present paper, since we are studying duality in a fuzzy environment, even if there is a strong 

duality between the fuzzy primal-dual pair (CP) and (CD) in the sense of Theorem 2, strong dual-
ity will be achieved only in the fuzzy sense as ( ) ( ).g u v f x, −%  

Remark 3. In crisp situations (i.e. when 1λ =  and 1η = ), we get the following expression: (η −   
1) ( 1) 0.t tq x p uλ+ − = Following (i), (ii), and (iii) of Theorem 2, we obtain ( ) ( ),g u v f x, =  i.e. strong 
duality in the crisp sense. 

3  Numerical Illustration 

Consider the following pair of primal-dual fractional programming problems.  
2

1 2

1 2

1 2

1 2

1 2

(2 )
(PCFPP) min ( )

2
subject to
2 6

3 8
0

x x
f x

x x

x x
x x
x x

+
=

+

+ ≥ ,
+ ≥ ,
, ≥ ,

 

1 2

2
1 2

2
1 2

1 2

(DCFPP) max ( ) 6 8
subject to
2 4 0

3 2 2 0
0

g u v u u

u u v v

u u v v
u u v

, = +

+ + − ≤ ,

+ + − ≤ ,
, , ≥ .
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Take 0 1 22, 1, 2,p p p= = =  and 0 1z =  for (PCFPP), the corresponding problem (CP) is  

2 2
1 2 1 2 1 2 1 2

1 2

1 2

1 2

min
subject to
2 4 3 6 4 4 0

2 5
3 2 6

1
0

x x x x x x x x
x x

x x

x x

λ

λ λ
λ
λ

λ
λ

−

+ − − + + + ≤ ,
− − + ≤ − ,
− − + ≤ − ,

≤ ,
, , ≥ .

 

The optimal solution of (CP) is at 1 20, 5 2, 0 20x x λ∗ ∗ ∗= = . = .  and the optimal value of (CP) is 
0 20.λ∗− = − .   

Now taking 0 1 21, 1, 2q q q= = =  and 0 1w =  for (DCFPP), the corresponding problem (CD) be-
comes 

1 2
2

1 2
2

1 2

1 2

max
subject to

6 8 0

2 4 1

3 2 2 2 2
1

0

u u

u u v v

u u v v

u u v

η

η
η

η
η

η

− − + ≤ ,

+ + − + ≤ ,

+ + − + ≤ ,
≤
, , , ≥ .

 

The optimal solution of (CD) is at 1 21, 0 40, 0, 0 72u u vη∗ ∗ ∗ ∗= = . = = .  and the optimal value of 
(CD) is 1.η∗ =  

For these optimal solutions, both the inequalities (11) and (14) are satisfied.  
Since we are using an aspiration level approach in the present study, it is unreasonable for a de-

cision maker to choose aspiration levels that are too aggressive or too weak. If the aspiration levels 
are too aggressive, then there are no achievable solutions and the decision maker is asked to relax 
the aspiration levels. On the other hand, if the aspiration levels are too weak, then too many (perhaps 
all) solutions may be identified as feasible. Hence, when using the satisfying approach, the decision 
maker should choose his aspiration levels tightly.  

The problems (CP) and (CD) are nonlinear programming problems. Although for medium or 
large-sized problems one should expect that solving these nonlinear programming problems could 
be computationally difficult, this is not the case. Many excellent software systems for solving nonlin-
ear programs are available. Some of them are based on Generalized Reduced Gradient Method de-
veloped by Lasdon and Waren [24], GRG2 [25], which can handle very efficiently large scale prob-
lems. We have used LINGO [26] that is an interactive interface to GRG2 to solve problems (CP) 
and (CD).  
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4  Conclusions 

We limited our construction of primal-dual problems under fuzzy environment using linear mem-
bership functions in the present paper. Different crisp equivalents of the fuzzy primal-dual problems 
can be obtained using other types of membership functions on the basis of the decision maker’s pref-
erences. It would be interesting to explore the possibility of establishing duality results under fuzzy 
environment for such pairs of fuzzy primal-dual problems. The results obtained under fuzzy enviro-
nment for the dual examined in this paper may not be tenable for other types of dual for the fractional 
programming problem under consideration. Thus, the choice of dual plays a significant role in the 
theory development and hence is a major contribution in the present study.  

The crisp equivalents obtained in the present paper are nonlinear (even nonconvex) problems, 
where non linearity exists in the constraints. Software LINGO [26] has been used to solve the nu-
merical illustrations. The crisp equivalents can also be solved using fuzzy decisive set method [27] 
and the modified subgradient method [28]. 
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Abstract. In this paper, we introduce the concept of second order duality for the control prob-
lems using ( , , )ρ η ξ θ− − invexity type conditions. Weak duality, strong duality and converse du-
ality results of Mangasarian and Mond-Weir type of control problems are established under ρ −  
( , , )η ξ θ − invexity assumptions. 

Keywords: second order duality control problem, ( , , )ρ η ξ θ− − invexity, weak duality, strong du-
ality, converse duality, Mangasarian and Mond-Wier type duality. 

1  Introduction 

The study of second order duality is useful due to the computational advantage over first order duality 
as it gives bounds for the value of the objective function when approximations are used (see [7], [9], 
[10]). Many researchers [1, 4, 6, 13] have discussed various properties, extensions, and applications 
of generalized invex functions, for example in [17], Zalmai talked about ( , )ρ η θ− − invex functions. 
A number of duality theorems for the control problems have appeared in the literature (see, for exam-
ple, [5], [8], [14], [15]). Mond and Hanson [11] discussed the dual for a class of variational problems 
with differential inequality constraints and established some duality results. Mond and Smart [12] 
extended the results of Mond and Hanson [11] for the control problems under invexity assumptions. 
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In this paper we discuss the second order duality for the control problems under ( , , )ρ η ξ θ− −  
invexity assumption and also study some duality results that is (weak, strong, converse). We give 
many examples and counterexamples to justify our work. 
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Second Order Duality for the Control Problems under                         invexity( , , )ρ η ξ θ− −  

2  Notation and Preliminaries 

Let [ , ]I a b= be an interval (through out), : , :n n m n n m rf I g I× × × → × × × →R R R R R R R R  and 
: n n m sg I × × × →R R R R  be twice continuously differentiable functions. Consider the function ( ,f t  

( ), ( ), ( )),x t x t u t& where : nx I → R  and x&  denotes the derivative of x with respect to t. , ,u λ  and μ  are, 
respectively, , andm r s− − − dimensional functions of t. Here t is an independent variable. All vec-
tors will be taken as column vectors. The symbol zT denotes for the transpose of a vector z. Denote 
the first partial derivatives of f with respect to x(t) and ( )x t&  by xf  and ,xf & respectively, that is, 

1 1

2 2, .x x

n n

f f
x x
f f
x xf f

f f
x x

∂ ∂⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟∂ ∂⎜ ⎟ ⎜ ⎟
⎜ ⎟ ⎜ ⎟∂ ∂
⎜ ⎟ ⎜ ⎟∂ ∂= =⎜ ⎟ ⎜ ⎟
⎜ ⎟ ⎜ ⎟
⎜ ⎟ ⎜ ⎟

∂ ∂⎜ ⎟ ⎜ ⎟
⎜ ⎟ ⎜ ⎟∂ ∂⎝ ⎠ ⎝ ⎠

&

&

&

M M

&

 

Denote xxf  the Hessian matrix of f with respect to x(t). Again gx the ,r n×  and hx the s n×  Jacobian 
matrix with respect to x. Similarly , , , , , , , ; , , , , , , , ,u u uu uu xu ux xx xx u u uu uu xu ux x xx xxf f f f f f f f g g g g g g g g g& & & & & & & & & & & & & & &  

and , , , , , , , , ,u u uu uu xu ux x x xx xxh h h h h h h h h h& & & & & & & &  are also defined. In each Examples n and m are taken as 1 
and 6[0,1] [0,1] [0,1] [0,1] [0,1] [0,1] [0,1].= × × × × ×  

Definition 1. The scalar functional ( , , ) ( , ( ), ( ), ( ))
b

a
H x x u h t x t x t u t dt= ∫& &  is said to be ( , , )p η ξ θ− −  

invex in ,x x&  and u with respect to the functions , : n n n n m m nIη θ × × × × × × →R R R R R R R  with 
0 at and , and : withn n n n m m mt a t b Iη ξ ρ= = = × × × × × × → ∈R R R R R R R R  such that 

 
{

}2

( , , ) ( , , ) ( , ( ), ( ), ( )) ( , ( ), ( ), ( ))

( , ( ), ( ), ( )) || ( , ( ), ( ), ( ), ( ), ( ), ( )) || .

b T T
x xa

T
u

dH x x u H y y v h t y t y t u t h t y t y t v t
dt

h t y t y t v t t x t y t x t y t u t v t dt

η η

ξ ρ θ

⎛ ⎞− ≥ + ⎜ ⎟
⎝ ⎠

+ +

∫ && & & &

& & &

 

Here 

1
2

2

1
|| ||

n

j
i

z z
=

⎛ ⎞= ⎜ ⎟
⎝ ⎠
∑  is the standard 2-norm of a vector z, zi is the ith component of the vector z. 

It follows that every invex function is ( , , )ρ η ξ θ− − invex but the converse is not true from the 
following counterexample (1). 

Example 1. Let : [0,1] [0,1] [0,1]f I × × × → R  be defined by 



 

2 2

2 2

( ) ( )( , ( ), ( ), ( )) x t u t tf t x t x t u t
b a

−=
−

&  

The function ( ,.,.,.)
b

a
f t dt∫  is not invex with respect to any 6: [0,1]Iη × → R  and 6: [0,1]Iθ ×  

at ( ) 0 or ( ) 0.y t v t→ = =R But ( ,.,.,.)
b

a
f t dt∫  is ( , , )ρ η ξ θ− − invex function for , ( ) ( )y t v tρ ∈ >−R  

( ) ( ),x t u t  and any positive ξ  and .η  

Definition 2. The scalar functional ( , , ) ( , ( ), ( ), ( ))
b

a
H x x u h t x t x t u t dt= ∫& &  is said to be ( , , )ρ η ξ θ− −  

pseudo-invex in x, x&  and u with respect to the functions , : n n n n m mIη θ × × × × × × →R R R R R R  
nR with 0 at and , and : withn n n n m m mt a t b Iη ξ ρ= = = × × × × × × → ∈R R R R R R R R  such that 

{
}2

( , ( ), ( ), ( )) ( , ( ), ( ), ( ))

( , ( ), ( ), ( )) || ( , ( ), ( ), ( ), ( ), ( ), ( )) || 0.

( , , ) ( , , )

b T T
x xa

T
u

dh t y t y t v t h t y t y t v t
dt

h t y t y t v t t x t y t x t y t u t v t dt

H x x u H y y v

η η

ξ ρ θ

⎛ ⎞+ ⎜ ⎟
⎝ ⎠

+ + ≥

⇒ ≥

∫ && &

& & &

& &

 

It is noted that ( , , )ρ η ξ θ− − invex function is ( , , )ρ η ξ θ− − pseudo-invex but the converse is not 
true, follows from the following counterexample (2). 

Example 2. Let : [0,1] [0,1] [0,1]f I × × × → R  be defined by  

3 34( , ( ), ( )) ( ) ( )
3

f t x t x t x t u t= −&  

Let the functions 6 6: [0,1] , : [0,1]I Iη ξ× → × →R R  and 6: [0,1]Iθ × → R  be given by 

( )( ( ) ( ) ( ) ( )), if ( ) ( ) ( ) ( )
( , ( ), ( ), ( ), ( ), ( ), ( ))

0, if ( ) ( ) ( ) ( )
y t x t u t y t v t y t v t x t u t

t x t y t x t y t u t v t
y t v t x t u t

η
− >⎧

= ⎨ ≤⎩
& &  

( )( ( ) ( ) ( ) ( )), if ( ) ( ) ( ) ( )
( , ( ), ( ), ( ), ( ), ( ), ( ))
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v t x t u t y t v t y t v t x t u t
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To show that ( ,.,.,.)
b

a
f t dt∫  is ( , , )ρ η ξ θ− − pseudo-invex we have to verify the following 

2
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( , ( ), ( ), ( )) ( , ( ), ( ), ( )) .
b b

a a
f t x t x t u t dt f t y t y t v t dt⇒ ≥∫ ∫& &  
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Taking 1.ρ = −  

2

3 3

[ ( , ( ), ( ), ( )) ( , ( ), ( ), ( )) ( , ( ), ( ), ( ))

|| ( , ( ), ( ), ( ), ( ), ( ), ( )) || ]
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Now ( , ( ), ( ), ( )) ( , ( ), ( ), ( ))
b b

a a
f t x t x t u t dt f t y t y t v t dt−∫ ∫& &  

3 3 3 34 ( ( ) ( ) ( ) ( )
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b
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y t v t x t u t dt
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∫  

Therefore our function ( ,.,.,.)
b

a
f t dt∫  is not ( , , )ρ η ξ θ− − invex but is ( , , )ρ η ξ θ− − pseudo-invex 

for ( ) ( ) ( ) ( ).y t v t x t u t>  

Definition 3. The scalar functional ( , , ) ( , ( ), ( ), ( ))
b

a
H x x u h t x t x t u t dt= ∫& &  is said to be ( , , )ρ η ξ θ− −   

quasi-invex in ,x x&  and u with respect to the functions , : n n n n m m nIη θ × × × × × × →R R R R R R R   
with 0 at and , and : withn n n n m m mt a t b Iη ξ ρ= = = × × × × × × → ∈R R R R R R R R such that 
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It follows that every ( , , )ρ η ξ θ− − invex function is ( , , )ρ η ξ θ− − quasi-invex but the converse 
is not true, follows from the following counterexample (3). 

Example 3. Let : [0,1] [0,1] [0,1]f I × × × → R  be given by 
2 2( , ( ), ( ), ( )) ( ) ( )f t x t x t u t x t u t= −&  

Let the functions 6 6: [0,1] , : [0,1]I Iη ξ× → × →R R  and 6: [0,1]Iθ × → R  be given by 
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Now 
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Hence the function ( ,.,.,.)
b

a
f t dt∫  is not ( , , )ρ η ξ θ− − invex, for 4,ρ = −  and ( ) ( ) ( ) ( ).x t u t y t v t>  

But 
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( , ( ), ( ), ( )) ( , ( ), ( ), ( ))

( , ( ), ( ), ( )) || ( , ( ), ( ), ( ), ( ), ( ), ( )) ||

2 ( ) ( )( ( ) ( ) ( ) ( )) ( ) ( )( ( ) ( ) ( ) ( ))

0, for

b T T
x xa

u

b

a

df t y t y t u t f t y t y t v t
dt

f t y t y t v t t x t y t x t y t u t v t

y t v t y t v t x t u t y t v t y t v t x t u t dt

η η

ρ θ

ρ

ρ

⎛ ⎞+ ⎜ ⎟
⎝ ⎠

+

= − − + −

< =

∫

∫

&& &

& & &

4, and ( ) ( ) ( ) ( ).x t u t y t v t− >

 

Therefore the function ( ,.,.,.)
b

a
f t dt∫  is ( , , )ρ η ξ θ− − quasi-invex, but not ( , , )ρ η ξ θ− − invex. 

Consider the control primal problem 

(CP) min ( , ( ), ( ), ( )) ,
b

a
f t x t x t u t dt∫ &  

subject to ( , ( ), ( ), ( )) 0,g t x t x t u t ≤&  (1)

( , ( ), ( ), ( )) 0,h t x t x t u t =&  (2)

1 2( ) , ( )x a x bγ γ= =  (3)

where f, g and h are twice continuously differentiable functions from n n mI × × ×R R R  into , rR R  
and ,sR  respectively. 
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Mangasarian Type Duality 

Mangasarian’s second order dual (MCD) of the control primal problem (CP) is given by 

{

[

( ) ( )
(

(MCD) max ( , ( ), ( ), ( )) ( ) ( , ( ), ( ), ( ))

1( ) ( , ( ), ( ), ( )) ( ) ( , ( ), ( ), ( ))
2

( , ( ), ( ), ( )) ( ) ( , ( ), ( ), ( )) ( )

2 ( , ( ), ( ), ( ))

b T

a

T T
xx

T T
x xx x

xx x

f t y t y t v t t g t y t y t v t

t h t y t y t v t t f t y t y t v t

g t y t y t v t t h t y t y t v t t

d f t y t y t v t g
dt

λ

μ β

λ μ

+

+ −

+ +

− +

∫

&

& &

& &

& &

& ( )

( ) ) (

( ) ( ) )

[

2

2

( , ( ), ( ), ( )) ( )

( , ( ), ( ), ( )) ( ) ( , ( ), ( ), ( ))

( , ( ), ( ), ( )) ( ) ( , ( ), ( ), ( )) ( ) ( )

1 ( ) ( , ( ), ( ), ( )) ( , ( ), ( ), (
2

T

x

T
x x xx

T T
x x x x

T
uu u

t y t y t v t t

dh t y t y t v t t f t y t y t v t
dt

g t y t y t v t t h t y t y t v t t t

t f t y t y t v t g t y t y t v

λ

μ

λ μ β

γ

+ +

⎤+ + ⎦

− +

&

& &&

& & & &

&

& &

& &

& &( )
( ) {

( ) ( ) } }

)) ( )

( , ( ), ( ), ( )) ( ) 2 ( , ( ), ( ), ( ))

( , ( ), ( ), ( )) ( ) ( , ( ), ( ), ( )) ( ) ( )

T

u

T
u xuu

T T
x x uu

t t

h t y t y t v t t f t y t y t v t

g t y t y t v t t h t y t y t v t t t dt

λ

μ

λ μ γ

+ +

+ + ⎤⎦

& &

& &

 

subject to 

(

[

( , ( ), ( ), ( )) ( , ( ), ( ), ( )) ( )

( , ( ), ( ), ( )) ( ) ( , ( ), ( ), ( ))

( , ( ), ( ), ( )) ( ) ( , ( ), ( ), ( )) ( )

( , ( ), ( ), ( )) ( , ( ), ( ), ( )

T
x

T
x x

T T
x x

xx x

f t y t y t v t g t y t y t v t t
dh t y t y t v t t f t y t y t v t
dt

g t y t y t v t t h t y t y t v t t

f t y t y t v t g t y t y t v t

λ

μ

λ μ

+

+ −

+ +

+ +

&

& &

& &

& &

& &

& &( )
( ) (

( ) ( ) )

( ( )
2

2

) ( )

( , ( ), ( ), ( )) ( ) 2 ( , ( ), ( ), ( ))

( , ( ), ( ), ( )) ( ) ( , ( ), ( ), ( )) ( )

( , ( ), ( ), ( )) ( , ( ), ( ), ( )) ( )

( , ( ), ( ),

T

x

T
x xxx

T T
x x x x

T
xx x x

x

t

dh t y t y t v t t f t y t y t v t
dt

g t y t y t v t t h t y t y t v t t

d f t y t y t v t g t y t y t v t t
dt

h t y t y t

λ

μ

λ μ

λ

+ −

+ +

+ +

+

&

& & &

& & & &

&

& &

& &

& &

&( ) )( )) ( ) ( ) 0T
xv t t tμ β =⎤⎦&

 (4)

[
( ) ( )

( , ( ), ( ), ( )) ( , ( ), ( ), ( )) ( )

( , ( ), ( ), ( )) ( ) ( , ( ), ( ), ( ))

( , ( ), ( ), ( )) ( ) ( , ( ), ( ), ( )) ( )

2 ( , ( ), ( ), ( )) ( , ( ), ( ), ( ))

T
u u

T
u uu

T T
u uu u

xu x

f t y t y t v t g t y t y t v t t

h t y t y t v t t f t y t y t v t

g t y t y t v t t h t y t y t v t t

f t y t y t v t g t y t y t v t

λ
μ

λ μ

+

+ +

+ +

+ +

& &

& &

& &

& &( ){
( ) }

( )

( , ( ), ( ), ( )) ( ) ( )

T

u

T
x u

t

h t y t y t v t t t

λ

μ γ⎤+ ⎦
&

 (5)

(6)
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1 2( ) , ( )y a y bγ γ= =  (7)

( ) , ( ) , ( ) , ( ) , .r s n mt t t t t Iλ μ β γ+∈ ∈ ∈ ∈ ∈R R R R  (8)

Let 

( ) ( )
( ( )

( ) )

1

2

( , ( ), ( ), ( ), ( ), ( ) ( , ( ), ( ), ( ))

( , ( ), ( ), ( )) ( ) ( , ( ), ( ), ( )) ( )

2 ( , ( ), ( ), ( )) ( , ( ), ( ), ( )) ( )

( , ( ), ( ), ( )) ( )

xx

T T
x xx x

T
xx x x

T
x x

H t y t y t v t t t f t y t y t v t

g t y t y t v t t h t y t y t v t t

d f t y t y t v t g t y t y t v t t
dt

dh t y t y t v t t
dt

λ μ

λ μ

λ

μ

=

+ +

− +

+ +

& &

&

& &

& &

& &

& (

( ) ( ) )
2 ( , ( ), ( ), ( ))

( , ( ), ( ), ( )) ( ) ( , ( ), ( ), ( )) ( ) ,

xx

T T
x x xx

f t y t y t v t

g t y t y t v t t h t y t y t v t tλ μ+ +

& &

& & &&

&

& &

 

and 

[ ( )
( ) (

( ) ( ) }

2 ( , ( ), ( ), ( ), ( ), ( ))

( , ( ), ( ), ( )) ( , ( ), ( ), ( )) ( )

( , ( ), ( ), ( )) ( ) 2 ( , ( ), ( ), ( ))

( , ( ), ( ), ( )) ( ) ( , ( ), ( ), ( )) ( )

T
uu u u

T
u xuu

T T
x u x u

H t y t y t v t t t

f t y t y t v t g t y t y t v t t

h t y t y t v t t f t y t y t v t

g t y t y t v t t h t y t y t v t t

λ μ

λ

μ

λ μ

= +

+ +

+ +

&

& &

& &

& &

 

then H1 is ,n n×  H2 is m m×  symmetric matrix, and we can express the above dual (MCD) in the fo-
llowing form 

{

[ ]

[ ] }

1

2

(MCD) max ( , ( ), ( ), ( )) ( ) ( , ( ), ( ), ( ))

1( ) ( , ( ), ( ), ( )) ( ) ( , ( ), ( ), ( ), ( ), ( ))
2

1 ( ) ( , ( ), ( ), ( ), ( ), ( )) ( )
2

b T

a

T T

T

f t y t y t v t t g t y t y t v t

t h t y t y t v t t H t y t y t v t t t t

t H t y t y t v t t t t dt

λ

μ β λ μ β

γ λ μ γ

+

+ −

−

∫ & &

& &

&

 

Subject to 

(

)
[ ]1

( , ( ), ( ), ( )) ( , ( ), ( ), ( )) ( )

( , ( ), ( ), ( )) ( ) ( , ( ), ( ), ( ))

( , ( ), ( ), ( )) ( ) ( , ( ), ( ), ( )) ( )

( , ( ), ( ), ( ), ( ), ( )) ( ) 0

T
x x

T
x x

T T
x x

f t y t y t v t g t y t y t v t t
dh t y t y t v t t f t y t y t v t
dt

g t y t y t v t x h t y t y t v t t

H t y t y t v t t t t

λ

μ

λ μ

λ μ β

+

+ −

+ +

+ =

&

& &

& &

& &

& &

&

 (9)

[ ]2

( , ( ), ( ), ( )) ( , ( ), ( ), ( )) ( )

( , ( ), ( ), ( )) ( ) ( , ( ), ( ), ( ), ( ), ( )) ( ) 0

T
u u

T
u

f t y t y t v t g t y t y t v t t

h t y t y t v t t H t y t y t v t t t t

λ
μ λ μ γ

+

+ + =

& &

& &
 (10)
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1 2( ) , ( )y a y bγ γ= =  (11)

( ) , ( ) , ( ) , ( ) , .r s n mt t t t t Iλ μ β γ+∈ ∈ ∈ ∈ ∈R R R R  (12)

In the above problems, u(t) is required to have piecewise continuous first and second derivatives in 
the interval . ( )a t b x t≤ ≤  and ( )tλ  are required to be continuous in ; ( )a t b x t≤ ≤ &  and ( )tμ  are req-
uired to be continuous in a t b≤ ≤  except for values of t corresponding to discontinuities of u(t). 
The constraints must be fulfilled for all , ,t a t b≤ ≤ except that for values of t corresponding to points 
of discontinuity of u(t), (2) and (9) must be fulfilled for right and left hand limits. 

Theorem 1. (Weak Duality) Let ( ( ), ( )),x t u t  and ( ( ), ( ), ( ), ( ), ( ), ( ))y t v t t t t tλ μ β γ  be feasible 
solutions of (CP) and (MCD), respectively. Let ( ,.,.,.) , ( ) ( ,.,.,.)

b b T

a a
f t dt t g t dtλ∫ ∫  and ( )

b T

a
t hμ∫  

( ,.,.,.)t dt  be 0 ( , , )ρ η ξ θ− − invex, 1 ( , , )ρ η ξ θ− − invex and 2 ( , , )ρ η ξ θ− − invex functions in ,x x&  
and u&  on I with respect to the same functions , , ,η ξ θ  for 0 1 2, ,ρ ρ ρ ∈R  with 0 1 2 0.ρ ρ ρ+ + ≥  If 
there exist real valued functions ( , ( ), ( ), ( ), ( ), ( )) 0, ( , ( ), ( ), ( ), ( ), ( )) 0k t y t y t v t t t K t y t y t v t t tλ μ λ μ> >& &  
on n n mI × × ×R R R  and t I∈  with the following conditions: 

2
1( ) ( , ( ), ( ), ( ), ( ), ( )) ( ) ( , ( ), ( ), ( ), ( ), ( )) || ( ) || ,Tt H t y t y t v t t t t k t y t y t v t t t tβ λ μ β λ μ β≥& &  (13)

2
2( ) ( , ( ), ( ), ( ), ( ), ( )) ( ) ( , ( ), ( ), ( ), ( ), ( )) || ( ) || ,Tt H t y t y t v t t t t k t y t y t v t t t tγ λ μ γ λ μ γ≥& &  (14)

1|| ( , ( ), ( ), ( ), ( ), ( )) || ( , ( ), ( ), ( ), ( ), ( )),H t y t y t v t t t K t y t y t v t t tλ μ λ μ≤& &  (15)

2|| ( , ( ), ( ), ( ), ( ), ( )) || ( , ( ), ( ), ( ), ( ), ( )),H t y t y t v t t t K t y t y t v t t tλ μ λ μ≤& &  (16)

[ ]1 || ( ) || ( , ( ), ( ), ( ), ( ), ( )) || ( ) || 2 || || ( , ( ), ( ), ( ), ( ), ( )) 0,
2

t k t y t y t v t t t t K t y t y t v t t tβ λ μ β η λ μ− ≥& &  (17)

[ ]1 || ( ) || ( , ( ), ( ), ( ), ( ), ( )) || ( ) || 2 || || ( , ( ), ( ), ( ), ( ), ( )) 0,
2

t k t y t y t v t t t t K t y t y t v t t tγ λ μ γ ξ λ μ− ≥& &  (18)

then the following inequality holds between the primal (CP) and the dual (MCD) 

{

}

1

2

( , ( ), ( ), ( )) ( , ( ), ( ), ( )) ( ) ( , ( ), ( ), ( ))

1( ) ( , ( ), ( ), ( )) ( ) ( , ( ), ( ), ( ), ( ), ( )) ( )
2

1 ( ) ( , ( ), ( ), ( ), ( ), ( )) ( )
2

b b T

a a

T T

T

f t x t x t u t dt f t y t y t v t t g t y t y t v t

t h t y t y t v t t H t y t y t v t t t t

t H t y t y t v t t t t dt

λ

μ β λ μ β

γ λ μ γ

≥ +

+ −

−

∫ ∫& & &

& &

&

 

Proof: Since ( ( ), ( )),x t u t  and ( ( ), ( ), ( ), ( ), ( ), ( ))y t v t t t t tλ μ β γ  are feasible solutions of (CP) and 
(MCD), respectively, we obtain 
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[

}

1

2

( , ( ), ( ), ( )) ( , ( ), ( ), ( )) ( ) ( , ( ), ( ), ( ))

1( ) ( , ( ), ( ), ( )) ( ) ( , ( ), ( ), ( ), ( ), ( )) ( )
2

1 ( ) ( , ( ), ( ), ( ), ( ), ( )) ( )
2

b b T

a a

T T

T

f t x t x t u t dt f t y t y t v t t g t y t y t v t

t h t y t y t v t t H t y t y t v t t t t

t H t y t y t v t t t t dt

λ

μ β λ μ β

γ λ μ γ

− +

+ −

−

∫ ∫& & &

& &

&

 

( , ( ), ( ), ( )) ( , ( ), ( ), ( ))

( ) ( , ( ), ( ), ( )) ( ) ( , ( ), ( ), ( ))

( ) ( , ( ), ( ), ( )) ( ) ( , ( ), ( ), ( ))

1 (
2

b b

a a

b bT T

a a

b bT T

a a

f t x t x t u t dt f t y t y t v t dt

t g t x t x t u t dt t g t y t y t v t dt

t h t x t x t u t dt t h t y t y t v t dt

t

λ λ

μ μ

β

⎡ ⎤≥ −⎢ ⎥⎣ ⎦
⎡ ⎤+ −⎢ ⎥⎣ ⎦
⎡ ⎤+ −⎢ ⎥⎣ ⎦

+

∫ ∫

∫ ∫

∫ ∫

& &

& &

& &

1

2

) ( , ( ), ( ), ( ), ( ), ( )) ( )

1 ( ) ( , ( ), ( ), ( ), ( ), ( )) ( )
2

b T

a

b T

a

H t y t y t v t t t t dt

t H t y t y t v t t t t dt

λ μ β

γ λ μ γ+

∫

∫

&

&

 

(by (1), (2) and (32)) 

[

(

)

( , ( ), ( ), ( )) ( , ( ), ( ), ( )) ( )

( , ( ), ( ), ( )) ( ) ( , ( ), ( ), ( ))

( , ( ), ( ), ( )) ( ) ( , ( ), ( ), ( )) ( )

( , ( ), ( ), ( )) ( , (

b TT
x xa

T
x x

T T
x x

T
u u

f t y t y t v t g t y t y t v t t

dh t y t y t v t t f t y t y t v t
dt

g t y t y t v t x h t y t y t v t t dt

f t y t y t v t g t y t

η λ

μ

λ μ

ξ

≥ +

+ −

+ + ⎤⎦

+ +

∫

&

& &

& &

& &

& &

&[

]1

2

2
0 1 2

), ( ), ( )) ( )

1( , ( ), ( ), ( )) ( ) ( ) ( , ( ), ( ), ( ), ( ), ( )) ( )
2

1 ( ) ( , ( ), ( ), ( ), ( ), ( )) ( )
2

( ) || ( , ( ), ( ), ( ), ( ), ( ), ( ) ||

b T

a

T T
u

b T

a

b

a

y t v t t

h t y t y t v t t t H t y t y t v t t t t dt

t H t y t y t v t t t t dt

t x t x t y t y t u t v t dt

λ

μ β λ μ β

γ λ μ γ

ρ ρ ρ θ

+ +

+

+ + +

∫

∫

∫

&

& &

&

& &

 

(by integrating by parts and 0 at  and ,  and invexity of

( ,.,.,.) , ( ) ( ,.,.,.) , and ( ) ( ,.,.,.) )
b b bT T

a a a

t a t b

f t dt t t dt t f t dt

η

λ μ

= = =

∫ ∫ ∫
 

1 2

1 2

( , ( ), ( ), ( ), ( ), ( )) ( ) ( , ( ), ( ), ( ), ( ), ( )) ( )

1 ( ) ( , ( ), ( ), ( ), ( ), ( )) ( ) ( ) ( , ( ), ( ), ( ), ( ), ( )) ( )
2

b T T

a

b T T

a

H t y t y t v t t t t H t y t y t v t t t t dt

t H t y t y t v t t t t t H t y t y t v t t t t dt

η λ μ β ξ λ μ γ

β λ μ β γ λ μ γ

⎡ ⎤≥ − −⎣ ⎦

⎡ ⎤+ +⎣ ⎦

∫

∫

& &

& &
 

(by (9) and (10); and 0 1 2 0ρ ρ ρ+ + ≥ ) 
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[ ]

[ ]

2

2

1|| || ( , ( ), ( ), ( ), ( ), ( )) || ( ) || ( , ( ), ( ), ( ), ( ), ( )) || ( ) ||
2

1|| || ( , ( ), ( ), ( ), ( ), ( )) || ( ) || ( , ( ), ( ), ( ), ( ), ( )) || ( ) ||
2

b

a

b

a

K t y t y t v t t t t k t y t y t v t t t t dt

K t y t y t v t t t t k t y t y t v t t t t dt

η λ μ β λ μ β

ξ λ μ γ λ μ γ

≥ − +

+ − +

∫

∫

& &

& &

 

(by Schwarz inequality, and (13), (14), (15), (16)) 
0.≥  
(by (17), (18)) 
Hence the result. 
We construct the following example which verifies the above Theorem 1, in which both the ob-

jective and constraint functions are ( , , )ρ η ξ θ− − invex. The following example is similar to that of Ex-
ample 1 in [3]. 

Example 4. Let us define , : [0,1] [0,1] [0,1]f g I × × × → R  by 
2 2

2 2

( ) ( )( , ( ), ( ), ( ))] , [ , ], , 0x t u t tf t x t x t u t t I a b a b
b a

−= ∈ = ≥
−

&  

2 2

2 2

( )( ( ) ( ) 1)( ) ( , ( ), ( ), ( )) , [ , ], , 0.T t x t u t tt g t x t x t u t t I a b a b
b a

λλ − += ∈ = ≥
−

&  

2 2

2 2

1( )( ( ) ( ) ( ) ( ))
12( ) ( , ( ), ( ), ( )) , [ , ], , 0.T

t x t u t x t u t t
t h t x t x t u t t I a b a b

b a

μ
μ

− −
= ∈ = ≥

−
&  

( ,.,.,.)
b

a
f t dt∫ is 1 ( , , )

12
η ξ θ− − invex, ( ) ( ,.,.,.)

b T

a
t g t dtλ∫ is 1 ( , , )

12
η ξ θ− − invex, and ( )

b T

a
t hμ∫   

( ,.,.,.)t dt is 1 ( , , )
6

η ξ θ− − − invex, with respect to same 6 6: [0,1] , : [0,1]I Iη ξ× → × →R R  and : Iθ  
6[0,1]× → R defined as 

( )( ( ) ( ) ( ) ( ), if ( ) ( ) ( ) ( )
( , ( ), ( ), ( ), ( ), ( ), ( ))

0, if ( ) ( ) ( ) ( )
y t y t v t x t u t y t v t x t u t

t x t y t x t y t u t v t
y t v t x t u t

η
− >⎧

= ⎨ ≤⎩
& &  

( )( ( ) ( ) ( ) ( ), if ( ) ( ) ( ) ( )
( , ( ), ( ), ( ), ( ), ( ), ( ))

0, if ( ) ( ) ( ) ( )
v t y t v t x t u t y t v t x t u t

t x t y t x t y t u t v t
y t v t x t u t

ξ
− − >⎧

= ⎨ ≤⎩
& &  

( ) ( ) ( ) ( ), if ( ) ( ) ( ) ( )
( , ( ), ( ), ( ), ( ), ( ), ( ))

0, if ( ) ( ) ( ) ( )
y t v t x t u t y t v t x t u t

t x t y t x t y t u t v t
y t v t x t u t

θ
⎧ − >⎪= ⎨

≤⎪⎩
& &  

Here it is easily verified that ( ,.,.,.) , ( ) ( ,.,.,.)
b b T

a a
f t dt t g t dtλ∫ ∫  and ( ) ( ,.,.,.)

b T

a
t h t dtμ∫ are 1

12
−  

( , , )η ξ θ − invex, 1 ( , , )
12

η ξ θ− − invex and 1 ( , , )
6

η ξ θ− − − invex functions respectively. 

Now by taking 1 1( ) , ( ) , ( ) (1 )
3 4

x t u t y t t t= = = −  and v(t) = 1 for all [0,1].t ∈  Here a = 0, b = 1,  

and taking 1
3

t =  the primal feasible and the dual feasible solutions are 0.0040−  and 0.2981.−  
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Necessary conditions for the existence of an extremal solution for a variational problem subject 
to the both equality and inequality constraints were given by Valentine [16]. Using Valentine’s re-
sults, Berkovitz [2] obtained the corresponding necessary conditions for the control problem (CP). 
These may be stated in the following way. If (y(t), v(t)) is an optimal solution for (CP), then 

( )
0

0

( , ( ), ( ), ( )) ( , ( ), ( ), ( )) ( ) ( , ( ), ( ), ( )) ( )

( , ( ), ( ), ( )) ( , ( ), ( ), ( )) ( ) ( , ( ), ( ), ( )) ( )

T T
x x x

T T
x x x

f t y t y t v t g t y t y t v t t h t y t y t v t t
d f t y t y t v t g t y t y t v t t h t y t y t v t t
dt

μ λ μ

μ λ μ

+ +

= + +& & &

& & &

& & &
 (19)

0 ( , ( ), ( ), ( )) ( , ( ), ( ), ( )) ( ) ( , ( ), ( ), ( )) ( ) 0T T
u u uf t y t y t v t g t y t y t v t t h t y t y t v t tμ λ μ+ + =& & &  (20)

( ) ( , ( ), ( ), ( )) 0T
ut g t y t y t v tλ =&  (21)

( ) rtλ +∈R  (22)

hold throughout a t b≤ ≤ (except for the values of t corresponding to points of discontinuity of u(t), 
(19) holds for right and left hand limits). Here 0μ  is nonnegative constant, ( )tμ  is continuous in a 

,a t b≤ ≤  and 0 , ( ), ( )t tμ λ μ  can not vanish simultaneously for any .a t b≤ ≤  It will be assumed that 
the minimizing arc determined by y(t), v(t) is normal, i.e., that 0μ  can be taken equal to 1. 

Theorem 2. (Strong Duality) Let the Weak Duality Theorem 2.1holds between the control primal 
(CP) and the Mangasarian dual (MCD). If (y(t), v(t)) be an optimal solution of (CP), then there exist 
functions ( )tλ  and ( )tμ  such that ( ( ), ( ), ( ), ( ), ( ) 0, ( ) 0)y t v t t t t tλ μ β γ= =  is an optimal solution of 
(MCD) and the optimal values of (CP) and (MCD) are equal. 

Proof: It follows from Berkovitz results [2] that there exist ( )tλ and ( )tμ such that ( ( ), ( ), ( ),y t v t tλ  
( ), ( ) 0, ( ) 0)t t tμ β γ= =  satisfies the constraints of (MCD). Equations (2), (21) and Theorem 1 shows 

that optimal values of (CP) and (MCD) are equal. 

Theorem 3. (Converse Duality) Let ( , ( ), ( ), ( ), ( ), ( ), ( ), ( ))t y t y t v t t t t tλ μ β γ&  be an optimal solu-
tion of (MCD). Suppose that ( ,.,.,.)

b

a
f t dt∫  is 0 ( , , )ρ η ξ θ− − invex, ( ) ( ,.,.,.)

b T

a
t g t dtλ∫ is 1 ( , ,ρ η ξ−  

)θ − invex and ( ) ( ,.,.,.)
b T

a
t g t dtλ∫  is 2 ( , , )ρ η ξ θ− − invex functions with respect to the same , ,η ξ  

,θ and 0 1 2 0.ρ ρ ρ+ + ≥  Also assume that 

1( ) ( , ( ), ( ), ( )) ( , ( ), ( ), ( ), ( ), ( )) ( ) 0.
b T T

a
t g t y t y t v t H t y t y t v t t t t dtλ η λ μ β⎡ ⎤− ≥⎣ ⎦∫ & &  (23)

2( ) ( , ( ), ( ), ( )) ( , ( ), ( ), ( ), ( ), ( )) ( ) 0.
b T T

a
t h t y t y t v t H t y t y t v t t t t dtμ ξ μ μ γ⎡ ⎤− ≥⎣ ⎦∫ & &  (24)

Then (y(t), v(t)) is an optimal solution of (CP). 

Proof: Suppose that (y(t), v(t)) is not an optimal solution of (CP). Then there exists a feasible 
solution ( ( ), ( ))x t u t  of the primal (CP) such that 

( , ( ), ( ), ( )) ( , ( ), ( ), ( )) .
b b

a a
f t x t x t u t dt f t y t y t v t dt<∫ ∫& &  (25)
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Given that ( ,.,.,.)
b

a
f t dt∫  is 0 ( , , )ρ η ξ θ− − invex, ( ) ( ,.,.,.)

b T

a
t g t dtλ∫  is 1 ( , , )ρ η ξ θ− − invex and 

( ) ( ,.,.,.)
b T

a
t h t dtμ∫  is 2 ( , , )ρ η ξ θ− − invex with respect to the same ,η ξ  and .θ  We have 

{

}2
0

( , ( ), ( ), ( )) ( , ( ), ( ), ( )) ( , ( ), ( ), ( ))

( , ( ), ( ), ( )) ( , ( ), ( ), ( ))

|| ( , ( ), ( ), ( ), ( ), ( ), ( ))||

b b b T
xa a a

T T
ux

f t x t x t u t dt f t y t y t v t dt f t y t y t v t

d f t y t y t v t f t y t y t v t
dt

t x t x t y t y t u t v t dt

η

η ξ

ρ θ

− ≥

⎛ ⎞+ +⎜ ⎟
⎝ ⎠

+

∫ ∫ ∫

&

& & &

& &

& &

 (26)

using eqn. (9) in eqn. (26), we obtain 

{ }
1

( , ( ), ( ), ( )) ( , ( ), ( ), ( ))

( , ( ), ( ), ( )) ( ) ( , ( ), ( ), ( )) ( )

( , ( ), ( ), ( )) ( ) ( , ( ), ( ), ( )) ( )

( , ( ), ( ), ( ), ( ),

b b

a a

b T T T
x xa

T T
x x

f t x t x t u t dt f t y t y t v t dt

g t y t y t v t t h t y t y t v t t

d g t y t y t v t t h t y t y t v t t
dt
H t y t y t v t t

η λ μ

λ μ

λ μ

−

⎡≥ − −⎣

+ +

−

∫ ∫
∫

& &

& &

& &

& &

& ]
}2

0

( )) ( ) ( , ( ), ( ), ( ))

|| ( , ( ), ( ), ( ), ( ), ( ), ( ))||

T
ut t f t y t y t v t

t x t x t y t y t u t v t dt

β ξ

ρ θ

+

+

&

& &

 

1

2
0

( , ( ), ( ), ( )) ( ) ( , ( ), ( ), ( )) ( )

( , ( ), ( ), ( ), ( ), ( )) ( ) ( , ( ), ( ), ( ))

|| ( , ( ), ( ), ( ), ( ), ( ), ( )) ||

b T T T
x xa

b bT T
ua a

b

a

dg t y t y t v t t g t y t y t v t t
dt

H t y t y t v t t t t dt f t y t y t v t dt

t x t x t y t y t u t v t dt

η λ λ

η λ μ β ξ

ρ θ

⎡ ⎤= − −⎣ ⎦

+ − +

+

∫

∫ ∫
∫

&& &

& &

& &

 

}2
1

( ) ( , ( ), ( ), ( )) ( ) ( , ( ), ( ), ( )) ( ) ( , ( ), ( ), ( )) ( )

|| ( , ( ), ( ), ( ), ( ), ( ), ( ))|| ( ) ( , ( ), ( ), ( ))

b T T T T
ua

b T

a

t g t x t x t u t t g t y t y t v t t g t y t y t v t t

t x t x t y t y t u t v t dt t h t x t x t u t

λ λ ξ λ

ρ θ μ

′⎡≥ + +⎣

⎡+ + −⎣

∫
∫

& &

&& &
 

}2
2

1

0

( ) ( , ( ), ( ), ( )) ( ) ( , ( ), ( ), ( )) ( )

|| ( , ( ), ( ), ( ), ( ), ( ), ( ))||

( , ( ), ( ), ( ), ( ), ( )) ( ) ( , ( ), ( ), ( ))

|| ( , ( ), ( ), (

T T T
u

b bT T
ua a

t h t y t y t v t t h t y t y t v t t

t x t x t y t y t u t v t dt

H t y t y t v t t t t dt f t y t y t v t dt

t x t x t y t

μ ξ μ

ρ θ

η λ μ β ξ

ρ θ

′+ +

+

+ − +

+

∫ ∫

&

& &

& &

& 2), ( ), ( ), ( )) ||
b

a
y t u t v t dt∫ &

 

(by invexity of ( ) ( ,.,.,.)
b T

a
t g t dtλ∫  and ( ) ( ,.,.,.)

b T

a
t h t dtμ∫ ) 

0.≥  
(by (39), (40) and 0 1 2 0ρ ρ ρ+ + ≥ ) 

which is a contradiction. Hence the result follows. 
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Mond-Wier Type Duality 

Mond-Wier second order dual (MWCD) of the control primal problem (CP) is 

(MWCD) max ( , ( ), ( ), ( ))
b

a
f t y t y t v t dt∫ &  

Subject to 

(

)
[ ]1

( , ( ), ( ), ( )) ( , ( ), ( ), ( )) ( )

( , ( ), ( ), ( )) ( ) ( , ( ), ( ), ( ))

( , ( ), ( ), ( )) ( ) ( , ( ), ( ), ( )) ( )

( , ( ), ( ), ( ), ( ), ( )) ( ) 0

T
x x

T
x x

T T
x x

f t y t y t v t g t y t y t v t t
dh t y t y t v t t f t y t y t v t
dt

g t y t y t v t t h t y t y t v t t

H t y t y t v t t t t

λ

μ

λ μ

λ μ β

+

+ −

+ +

+ =

&

& &

& &

& &

& &

&

 (27)

[ ]2

( , ( ), ( ), ( )) ( , ( ), ( ), ( )) ( )

( , ( ), ( ), ( )) ( ) ( , ( ), ( ), ( ), ( ), ( )) ( ) 0

T
u u

T
u

f t y t y t v t g t y t y t v t t

h t y t y t v t t H t y t y t v t t t t

λ
μ λ μ γ

+

+ + =

& &

& &
 (28)

[ ]1( ) ( , ( ), ( ), ( )) ( ) ( , ( ), ( ), ( ), ( ), ( )) ( ) 0T Tt g t y t y t v t t H t y t y t v t t t tλ β λ μ β− =& &  (29)

[ ]1( ) ( , ( ), ( ), ( )) ( ) ( , ( ), ( ), ( ), ( ), ( )) ( ) 0T Tt h t y t y t v t t H t y t y t v t t t tμ γ λ μ γ− =& &  (30)

1 2( ) , ( )y a y bγ γ= =  (31)

( ) , ( ) , ( ) , ( ) , .r s n mt t t t t Iλ μ β γ+∈ ∈ ∈ ∈ ∈R R R R  (32)

Theorem 4. (Weak Duality) Let (x(t), u(t)), and ( ( ), ( ), ( ), ( ), ( ), ( ))y t v t t t t tλ μ β γ  be feasible so-
lutions of (CP) and (MWCD), respectively. Let ( ,.,.,.) , ( ) ( ,.,.,.)

b b T

a a
f t dt t g t dtλ∫ ∫  and ( )

b T

a
t hμ∫  

( ,.,.,.)t dt  be 0 ( , , )ρ η ξ θ− − invex, 1 ( , , )ρ η ξ θ− − invex and 2 ( , , )ρ η ξ θ− − invex functions in ,x x&  
and u&  on I with respect to the same functions , ,η ξ θ  for 0 1 2, ,ρ ρ ρ ≥ R  with 0 1 2 0.ρ ρ ρ+ + ≥  If there 
exist real valued functions ( , ( ), ( ), ( ), ( ), ( )) 0, ( , ( ), ( ), ( ), ( ), ( )) 0k t y t y t v t t t K t y t y t v t t tλ μ λ μ> >& & on I ×  

n n m× ×R R R and t I∈  with the following conditions: 
2

1( ) ( , ( ), ( ), ( ), ( ), ( )) ( ) ( , ( ), ( ), ( ), ( ), ( )) || ( ) || ,Tt H t y t y t v t t t t k t y t y t v t t t tβ λ μ β λ μ β≥& &  (33)

2
2( ) ( , ( ), ( ), ( ), ( ), ( )) ( ) ( , ( ), ( ), ( ), ( ), ( )) || ( ) || ,Tt H t y t y t v t t t t k t y t y t v t t t tγ λ μ γ λ μ γ≥& &  (34)

1|| ( , ( ), ( ), ( ), ( ), ( )) || ( , ( ), ( ), ( ), ( ), ( )),H t y t y t v t t t K t y t y t v t t tλ μ λ μ≤& &  (35)

2|| ( , ( ), ( ), ( ), ( ), ( )) || ( , ( ), ( ), ( ), ( ), ( )),H t y t y t v t t t K t y t y t v t t tλ μ λ μ≤& &  (36)

[ ]|| ( ) || ( , ( ), ( ), ( ), ( ), ( )) || ( ) || || || ( , ( ), ( ), ( ), ( ), ( )) 0,t k t y t y t v t t t t K t y t y t v t t tβ λ μ β η λ μ− ≥& &  (37)
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[ ]|| ( ) || ( , ( ), ( ), ( ), ( ), ( )) || ( ) || || || ( , ( ), ( ), ( ), ( ), ( )) 0,t k t y t y t v t t t t K t y t y t v t t tγ λ μ γ ξ λ μ− ≥& &  (38)

then the following inequality holds between the primal (CP) and the dual (MWCD) 

( , ( ), ( ), ( )) ( , ( ), ( ), ( ))
b b

a a
f t x t x t u t dt f t y t y t v t dt≥∫ ∫& &  

Proof: Since (x(t), u(t)), and ( ( ), ( ), ( ), ( ), ( ), ( ))y t v t t t t tλ μ β γ  are feasible solutions of (CP) and 
(MWCD), respectively, we obtain 

2 2
0

( , ( ), ( ), ( )) ( , ( ), ( ), ( ))

( , ( ), ( ), ( )) ( , ( ), ( ), ( ))

( , ( ), ( ), ( )) || ( , ( ), ( ), ( ), ( ), ( ), ( ))||

b b

a a

b T T
x xa

u

f t x t x t u t dt f t y t y t v t dt

df t y t y t v t f t y t y t v t
dt

f t y t y t v t t x t x t y t y t u t v t dt

η η

ξ ρ θ

−

⎛ ⎞⎡≥ + ⎜ ⎟⎣ ⎝ ⎠
⎤+ + ⎦

∫ ∫

∫ &

& &

& &

& & &

 

(by integrating by parts and 0η = at t = a and t = b, and invexity of ( ,.,.,.)
b

a
f t dt∫ ) 

{
( )

]1

0

( , ( ), ( ), ( )) ( ) ( , ( ), ( ), ( )) ( )

( , ( ), ( ), ( )) ( ) ( , ( ), ( ), ( )) ( )

( , ( ), ( ), ( ), ( ), ( )) ( ) ( , ( ), ( ), ( ))

|| ( , ( ), ( )

b T T T
x xa

T T
x x

T
u

g t y t y t v t t h t y t y t v t t

d g t y t y t v t t h t y t y t v t t
dt
H t y t y t v t t t t f t y t y t v t

t x t x t

η λ μ

λ μ

λ μ β ξ

ρ θ

⎡= − −⎣

+ +

− +

+

∫

& &

& &

& &

& &

& }2, ( ), ( ), ( ), ( ))||y t y t u t v t dt&

 

(by eqn. (27)) 

{ [
}1

( ) ( , ( ), ( ), ( )) ( ) ( , ( ), ( ), ( ))

( , ( ), ( ), ( )) ( , ( ), ( ), ( )) ( )

( , ( ), ( ), ( )) ( ) ( , ( ), ( ), ( ), ( ), ( )) ( )

b bT T

a a

b T T
u ua

T T
u

t g t y t y t v t dt t h t y t y t v t dt

f t y t y t v t g t y t y t v t t

h t y t y t v t t H t y t y t v t t t t dt

λ μ

ξ λ

μ η λ μ β

≥ +

+ +

⎤ −⎦

∫ ∫
∫

& &

& &

& &

 

(by invexity of ( ) ( ,.,.,.) , ( ) ( ,.,.,.) ,
b bT T

a a
t g t dt t h t dtλ μ∫ ∫ (1), (2), (8) 

and 0 1 2 0ρ ρ ρ+ + ≥  

1 1

2 1

( ) ( , ( ), ( ), ( ), ( ), ( )) ( ) ( ) ( , ( ), ( ), ( ), ( ), ( )) ( )

( , ( ), ( ), ( ), ( ), ( )) ( ) ( , ( ), ( ), ( ), ( ), ( )) ( )

b T T

a

T T

t H t y t y t v t t t t t H t y t y t v t t t t

H t y t y t v t t t t H t y t y t v t t t t dt

β λ μ β γ λ μ γ

ξ λ μ γ η λ μ β

⎡= +⎣

⎤− − ⎦

∫ & &

& &
 

]

2 2( , ( ), ( ), ( ), ( ), ( )) || ( ) || ( , ( ), ( ), ( ), ( ), ( )) || ( ) ||

|| || ( , ( ), ( ), ( ), ( ), ( )) || ( ) || || || ( , ( ), ( ), ( ), ( ), ( )) || ( ) ||

b

a

T

k t y t y t v t t t t k t y t y t v t t t t

K t y t y t v t t t t K t y t y t v t t t t dt

λ μ β λ μ γ

ξ λ μ γ η λ μ β

⎡≥ +⎣

− −
∫ & &

& &
 

(by Schwarz inequality) 
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[ ]

[ ]

|| ( ) || ( , ( ), ( ), ( ), ( ), ( )) || ( ) || || || ( , ( ), ( ), ( ), ( ), ( ))

|| ( ) || ( , ( ), ( ), ( ), ( ), ( )) || ( ) || || || ( , ( ), ( ), ( ), ( ), ( ))

b

a

b

a

t k t y t y t v t t t t K t y t y t v t t t dt

t k t y t y t v t t t t K t y t y t v t t t dt

β λ μ β η λ μ

γ λ μ γ ξ λ μ

= −

+ −

∫
∫

& &

& &
 

0.≥  
(by (37), (38)) 

Hence the result. 

Theorem 5. (Strong Duality) Let the Weak Duality Theorem 4 holds between the control primal 
(CP) and the Mond-Weir dual (MWCD). If (y(t), v(t)) be an optimal solution of (CP), then there exist 
functions ( )tλ  and ( )tμ  such that ( ( ), ( ), ( ), ( ), ( ) 0, ( ) 0)y t v t t t t tλ μ β γ= =  is an optimal solution of 
(MWCD) and the optimal values of (CP) and (MWCD) are equal. 

Proof: The proof is similar to that of Theorem 2. 

Theorem 6. (Converse Duality) 
Let ( , ( ), ( ), ( ), ( ), ( ), ( ), ( ))t y t y t v t t t t tλ μ β γ&  be an optimal solution of (MWCD). Suppose that 

b

a
f∫  

( ,.,.,.)t dt is 0 ( , , )ρ η ξ θ− − invex, ( ) ( ,.,.,.)
b T

a
t g t dtλ∫  is 1 ( , , )ρ η ξ θ− − invex and ( ) ( ,.,.,.)

b T

a
t g t dtλ∫  

is 2 ( , , )ρ η ξ θ− − invex functions with respect to the same , , ,η ξ θ  and 0 1 2 0.ρ ρ ρ+ + ≥  Also assume 
that 

1( ) ( , ( ), ( ), ( )) ( , ( ), ( ), ( ), ( ), ( )) ( ) 0.
b T T

a
t g t y t y t v t H t y t y t v t t t t dtλ η λ μ β⎡ ⎤− ≥⎣ ⎦∫ & &  (39)

2( ) ( , ( ), ( ), ( )) ( , ( ), ( ), ( ), ( ), ( )) ( ) 0.
b T T

a
t h t y t y t v t H t y t y t v t t t t dtμ ξ μ μ γ⎡ ⎤− ≥⎣ ⎦∫ & &  (40)

Then (y(t), v(t)) is an optimal solution of (CP). 

Proof: The proof is similar to that of Theorem 3. 
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Introduction 

The bilevel programming structure is a class of hierarchical problem that show a two-stage decision 
making process when the constraint region of the first level problem is implicitly determined by an-
other optimization problem.  

General Bilevel Programming Problem (BLPP)is defined as,  

(BLPP):  Max ( , )
X

f X Y  

   where Y solves 

  Max ( , )
Y

F X Y  

   subject to (X, Y) ∈ S, 

where { }( , ) : ; , 0 .S X Y AX BY b X Y= + ≤ ≥  
Here, f(X, Y) and F(X, Y) can be linear or non-linear. (BLPP) has been used by researchers in 

several fields ranging from economics to transportation engineering. (BLPP) is also used to model 
problems involving multiple decision makers. These problems include traffic signal optimization [12] 
and genetic algorithms [4]. There are numerous methods to solve (BLPP). The most notable among 
them are cutting plane method [1,8,9], branch and bound methods [6,11,13] and the ranking method 
[2,10]. 

There are many planning and /or decision making situations that can be properly represented by 
a multi-objective programming model. Mathematically, a multi-objective programming problem 
(MOPP), is defined as, 

(MOPP): 1 1Max{ ( ) }f X Z=  

  2 2Max{ ( ) }f X Z=  

   … 

  Max{ ( ) }k kf X Z=  

   subject to X ∈ S, 

where S is a feasible set and 1( );{ 1, , },f X j k= L  be linear/non-linear. 
In the late seventies and early eighties, a lot of papers have been published on (MOPP) problems. 

White [14], in 1996, presented several equivalent mathematical programming formulation of the 
problem for maximizing a function over the efficient set, in case of a polytopal feasible region and 
linear function. 

Indefinite Quadratic Programming Problem 

Consider the indefinite quadratic programming problem (IQPP), given by 
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1 2(IQPP) : Max ( ) ( ) ( ) ( )( )
Subject to

0,

T TZ X Z X Z X C X D X
AX b

X

α β= = + +
≤

≥
 

where ; ; , ; , and .n m n mxnX b C D Aα β∈ ∈ ∈ ∈ ∈R R R R R  
The feasible region { : ; 0}S X AX b X= ≤ ≥  is non-empty and bounded. 
Both Z1(X) and Z2(X) are positive for all X ∈ S. 
Thus, the function Z(X) is both quasi-concave and quasi-convex on S. Therefore, the optimal 

solution to the problem (IQPP) occurs at an extreme point of S.  

Indefinite Quadratic Bilevel Programming Problem with Multiple Objective Functions at the 
Upper Level 

The indefinite quadratic multi-objective bilevel programming problem (IQMBPP) can be formu-
lated as,  

(IQMBPP):  1 2Max( ( , ), ( , ), , ( , ))kX
f X Y f X Y f X YL  

   subject to 1 2
1 1 1A X A Y b+ ≤  

      X, Y ≥ 0 

   where for a given X, Y solves 

    Max ( , )
Y

g X Y  

   subject to 2 2 2
1 2A X A Y b+ ≤  

     Y ≥ 0, 

where 1 2( , ) ( , ). ( , ); 1, ,i i if X Y Z X Y Z X Y i k= = L  

1 1 1( , ) ; 1, ,i i i iZ X Y c X d Y i kα= + + = L  

2 2 2( , ) ; 1, ,i i i iZ X Y c X d Y i kβ= + + = L  

1 2 1 2( , ) ( ) ( ).g X Y p X p Y q X q Yγ δ= + + + +  

Here, 1 2

1 11 1{ , , } , { , , }n n
n nX x x Y y y= ∈ = ∈L LR R  

 1 2
1 2 1 2, ; 1, , ; , ; 1, ,n n

i i i ic c i k d d i k∈ = ∈ =L LR R  

 , ; 1, , .i i i kα β ∈ = LR  

 1 1 1 2 11 1 1
1 2; ; ,m n m n mA A b× ×∈ ∈ ∈R R R  

 2 1 2 2 22 2 2
1 2; ; ,m n m n mA A b× ×∈ ∈ ∈R R R  

 1 2
1 2 1 2, ; , ; ,n np p q q γ δ∈ ∈ ∈R R R  
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The objective functions at both the levels are the product of two positive valued affine functions, 
hence, they are quasi-concave. 

Let   { }1 1 1 2 2 2
0 1 2 1 2( , ) : ; ; , 0 .S X Y A X A Y b A X A Y b X Y= + ≤ + ≤ ≥  

The polyhedron S0 defined by the constraint region of the (IQMBPP) problem is assumed to be 
non-empty and compact. 

Define the lower level problem as follows: 
For a given 0,X X= ≥ Y solves 

1 2 1 2

2 2 2
2 1

(IQMBPP(X)) : Max ( , ) ( ) ( )

Subject to
0,

Y
g X Y p X p Y q X q Y

A Y b A X
Y

γ δ= + + + +

≤ −
≥

 

The feasible region of the lower level problem is 2 2 2
2 1( ) { : ; 0}.S X Y A Y b A X Y= ≤ − ≥  

The inducible region or the feasible region of the upper level problem is defined as 0{( , )S X Y S= ∈ : 
Y solves Max ( , ),

Y
g X Y for a given X}. 

It is assumed that S is non-empty and the optimal solution of (IQMBPP ( X )) is singleton. 

Bilevel Feasible Solution 
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Since S  is non-empty, therefore, for each value of the upper level problem, the lower problem has a 
feasible solution. Thus, any point of S  is a bilevel feasible solution. 

Efficient Solution 

A bilevel feasible solution ( , )X Y S∈  is an efficient solution of (IQMBPP) if there is no (X, Y) ∈ 
,S  such that

( , ) ( , ),ii X Yf f X Y≤ for 1, ,i k= L  and 
( , ) ( , ),jj X Yf f X Y<  for some {1, , }.j k∈ L  

Efficient Set 

The set of all efficient solutions is denoted by (SE) and is called the efficient set. 

Solving (IQMBPP) Problem 

In order to solve (IQMBPP) problem, consider the multi-objective problem at the upper level, given 
by  

(IQMULPP):  1 2Max( ( , ), ( , ), , ( , ))kX
f X Y f X Y f X YL  

   subject to (X, Y) ∈ S0. 

Since S0 is non-empty and compact and ( 1, , )if s i k′ = L  are quasi-concave function, therefore, the 
optimal solution corresponding to each objective function ( , ), 1, , ,if X Y i k= L  lies at an extreme point 
of S0. If this is also a point of ,S then it is an extreme point of inducible region ,S [3]. 



 

Consider (IQMULPP) problem with the first objective function f1(X, Y). Let its optimal solution 
be (X1, Y1). Because of our assumption that optimal solution is unique, it becomes an efficient solu-
tion of the given problem. 

Otherwise, put X = X1 in the lower level problem. Let the optimal solution of this problem be 
(X1, Y1). 

If Y1 = Y1, then (X1, Y1) is a bilevel feasible solution. Find that (X 1, Y 1) which is an efficient so-
lution of (IQMBPP) problem. 

If Y 1 ≠ Y 1, then solve the problem (IQMULPP) with second objective function and repeat the 
process till an efficient solution of (IQMBPP) problem is obtained. If not, then find the second best 
solution of first objective function and repeat the process with the objective functions ( , );if X Y  

2, , .i k= L Finally, we will get an extreme point which is an efficient solution of (IQMBPP) prob-
lem because extreme points of S are contained in S0. 

Algorithm to Solve (IQMBPP) Problem 

Step 1  Consider the (IQMULPP) problem as  

  1Max(( ( , ), , ( , ))kX
f X Y f X YL  

   subject to (X, Y) ∈ S0 

Step 2  Set i = 1. 

   Let (Xi, Yi) be an optimal solution of fi(X, Y) for 1, , .i k= L  

Step 3  Put X = Xi in the follower’s problem, as 

  1 2 1 2Max ( , ) ( )( )i i i

Y
g X Y p X p Y q X q Yγ δ= + + + +  

   subject to 2 2 2
2 1

iA Y b A X≤ −  

      Y ≥ 0. 

   Let (Xi, y) be its optimal solution. 

Step 4.1  If Yi  = y, then (Xi, Yi) is a bilevel feasible solution of (IQMBPP) 

4.2  If Yi  ≠ y, set i = i + 1. 
    Go to step 2 and repeat the process. 

        4.3 If no bilevel feasible solution is obtained, find the next best solution of the first ob-
jective function. Go to step 3 and repeat the process with fi(X, Y); i = 2,…,k. 

Step 5 From the set of bilevel feasible solutions, find the efficient solutions of the prob-
lem (IQMBPP).  

Example 1: Consider the following indefinite quadratic bilevel programming problem with multi-
objective functions at the upper level: 

(IQMBPP): 
1

1 1 2 3 1 3 2Max ( , , ) ( 2 3) (3 2)
x

f x x x x x x= + + +  
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1

2 1 2 3 1 2 3Max ( , , ) (2 2) ( 1)
x

f x x x x x x= + + +  

   subject to 1 2 33 2 5x x x+ + ≤  
                 2 3 3x x+ ≤  
   where 2 3( , )x x  solves  
   Max 1 2 3 2 1 2 3( , , ) ( 1) ( 3)g x x x x x x x= + + + +  
   subject to 1 2 32 2x x x+ + ≤  
      2 33 2 6x x+ ≤  
       1 2 3, , 0.x x x ≥  

Solution: Consider the multi-objective problem at the upper level, given by  

(IQMULPP):  
1

1 1 2 3 1 3 2Max ( , , ) ( 2 3) (3 2)
x

f x x x x x x= + + +  

  
1

2 1 2 3 1 2 3Max ( , , ) (2 2) ( 1)
x

f x x x x x x= + + +  

1 2 3

2 3

1 2 3

2 3

1 2 3

subject to 3 2 5
3

2 2
3 2 6

, , 0.

x x x
x x

x x x
x x
x x x

+ + ≤
+ ≤

+ + ≤
+ ≤

≥

 (1)

Solve the first objective 

1
1 1 2 3 1 3 2Max ( , , ) ( 2 3) (3 2)

x
f x x x x x x= + + +  

subject to the constraints (1). 
The optimal table for the above problem is 

1 2 3 4 5 6 7

4

5

2

7
11

11
12

12

1 0 2 0 0 0 0
0 3 0 0 0 0 0

0 0 4 5 / 2 0 3/ 2 1 0 1/ 2 0
0 0 2 1/ 2 0 1/ 2 0 1 1/ 2 0
0 3 1 1/ 2 1 1/ 2 0 0 1/ 2 0
0 0 3 3/ 2 0 1/ 2 0 0 3/ 2 1

3 1 0 2 0 0 0 0
5 3/ 2 0 3/ 2 0 0 3/ 2 0

1 3 11 90 3 0 0 0
2 2 2 2

j

j

B B B B

j j

j j

j

c
d

C D V X x x x x x x x
x
x
x
x

Z z c
Z z d

L θ θ

→
→

−
− −

− −
= − → − −
= − →

− −→ + +

 

The optimal solution of f1(x1, x2, x3) is (0, 1, 0). 
Put x1= 0 in the lower level problem, we get 

2 3 2 2 3Max (0, , ) ( 1)( 3)g x x x x x= + + +  
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subject to 2x2 + x3 ≤ 2 
    3x2 + 2x3 ≤ 6 
                     x2, x3 ≥ 0. 

The optimal solution of the lower level problem is (1, 0). 
Thus, (0, 1, 0) is a bilevel feasible solution. 
Again, repeating the process with the second objective function, f2(x1, x2, x3), of the upper level, 

we get x1 = 1, x2 = 0, x3 = 1. 
Putting x1 = 1 in the lower level problem, we find that (1, 0, 1) is not a bilevel feasible solution. 

Finding the second best solution of f1(x1, x2, x3), we find that 8 1, ,0
5 5

⎛ ⎞
⎜ ⎟
⎝ ⎠

 is a bilevel feasible solu- 

tion. Repeating the same method for f2(x1, x2, x3), bilevel feasible solution is 8 1, ,0
5 5

⎛ ⎞
⎜ ⎟
⎝ ⎠

. 

Thus, the efficient bilevel feasible solutions for the above problem are (0, 1, 0) and 8 1, ,0 .
5 5

⎛ ⎞
⎜ ⎟
⎝ ⎠

 

The efficient solutions for the problem (IQMBPP) are (0, 1, 0) and 8 1, ,0 .
5 5

⎛ ⎞
⎜ ⎟
⎝ ⎠

 

Indefinite Quadratic Bilevel Programming Problem with Multiple Objective Functions at Both 
Levels 

In this section, we will be considering the indefinite quadratic bilevel program with multi-objective 
functions at both levels (IQBMPBL). It is defined as, 

(IQBMPBL):  1 2Max( ( , ), ( , ), , ( , ))sX
g X Y g X Y g X YL  

   subject to 1 1 1
1 2B X B Y u+ ≤  

   where Y solves  

  1 2Max( ( , ), ( , ), , ( , ))tY
h X Y h X Y h X YL  

   subject to 2 2 2
1 2B X B Y u+ ≤  

                , 0,X Y ≥  

where 1 1 2 2( , ) ( ) ( ); 1, , ;i i i i i i ig X Y p X q Y p X q Y i sγ δ= + + + + = L  

1 1 2 2( , ) ( ) ( ); 1, , ;j j j j j j jh X Y a X b Y a X b Y j tη ϕ= + + + + = L  

Here, 3 4

3 41 1{ , , } , { , , }n n
n nX x x Y y y= ∈ = ∈LR R  

 3
1 2, ; 1, ,n

i ip p i s∈ = LR  

 4
1 2, ; 1, , ; , ; 1, ,n

i i i iq q i s i sγ δ∈ = ∈ =L LR R  

 3
1 2, ; 1, , ;n

j ja a j t∈ = LR  

 4
1 2, ; 1,..., ; , ; 1, ,n

j j j jb b j t j tη ϕ∈ = ∈ = LR R  
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 3 3 3 4 31 1 1
1 2; ;m n m n mB B u× ×∈ ∈ ∈R R R  

 4 3 4 4 42 2 2
1 2; ;m n m n mB B u× ×∈ ∈ ∈R R R  

Let 1 1 1 2 2 2
1 1 2 1 2{( , ) : ; ; , 0}.S X Y B X B Y u B X B Y u X Y= + ≤ + ≤ ≥  

Here, the constraint region S1 is a polyhedron for the problem (IQBMPBL). Also, S1 is assumed to 
be non-empty and compact. 

The lower level problem can be defined as, 

(IQBMPBL (X1)): 1 1 2 1 1Max( ( , ), ( , ), , ( , ))tY
h X Y h X Y h X YL  

  subject to 2 2 2
2 1 1B Y u B X≤ −  

                       Y ≥ 0. 

The feasible region of the lower level problem is 
2 2 2
2 1( ) { : ; 0)}.T X Y B Y u B X Y= ≤ − ≥  

The inducible region of the upper level problem is 

1 1{( , ) : solves Max( ( , ), , ( , )), for a given }.tY
T X Y S Y h X Y h X Y X= ∈ L  

Again, T is assumed to be non-empty and the optimal solution of (IQBMPBL (X1)) is singleton. 

Algorithmic Development for (IQBMPBL) Problem 

Here, S1 is non-empty and compact set. The objective functions at both the levels, that is, gi’s ( 1,i =  
, )sL at the upper level and hj’s ( 1, , )j t= L  at the lower level, are the product of two positive valued 

affine functions. Hence, the objective functions at both the levels are quasi-concave functions. 
Consider the multi-objective problem at the upper level. 

(IQBMPUL):     1 1 2 1Max( ( , ), ( , ), , ( , ))sX
g X Y g X Y g X YL  

      subject to (X, Y) ∈ S1. 

Singe gi’s are quasi-concave functions, therefore, the optimal solution for each ( 1, , )ig i s= L exists 
at an extreme point. If this is a point of ,T  then this is the extreme point of the inducible region, ,T  
[3]. 

Algorithm to Solve (IQBMPBL) Problem 

Step 1  Consider the (IQBMPUL) problem, defined as 

 (IQBMPUL):  1 2Max( ( , ), ( , ), , ( , ))sX
g X Y g X Y g X YL  

   subject to (X, Y) ∈ S1. 

Step 2  Set i = 1. 
Let (Xi, Yi) be an optimal solution of gi(X, Y), for each 1, , .i s= L  
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Step 3  Put X = Xi in the follower’s problem, as 
  Max ( ( , ), 1, , ,i

jY
h X Y j t= L  

  subject to 2 2 2
2 1

iB Y u B X≤ −  
          Y ≥ 0. 

Step 4 Set j = 1. 
  Let (Xi, Yj) be an optimal solution of hj(Xi, Y). 

Step 5.1 If Yi = Yj, then (Xi, Yi) is a bilevel feasible solution of (IQBMPBL) problem. 

Step 5.2 If Yi ≠ Yj, set j = j + 1. Go to step 4 and repeat the process. 

Step 5.3 If Yi ≠ Yj, for any 1, , ;j t= L set i = i + 1. Go to step 2 and repeat the method. 

Step 5.4 If no bilevel efficient feasible solution is obtained for any 1, ,i s= L  and for any 
1, , ;j t= L find the next best solution of the first objective function, g1(X, Y). Go to Step 3 and 

repeat the procedure with ( , ); 2, , .ig X Y i s= L  

Step 6  From the set of bilevel feasible solutions, find efficient solutions for the problem 
(IQBMPBL). 

Example 2 : Consider the following indefinite quadratic bilevel programming problem with 
multi-objective functions at both levels, 

(IQBMPBL): 
1 2

1 1 2 3 4 1 2 3 2 4,
Max ( , , , ) (2 3)( 2 2)

x x
g x x x x x x x x x= + + + + +  

  
1 2

2 1 2 3 4 1 3 4 2 3,
Max ( , , , ) ( 2 4)( 2)

x x
g x x x x x x x x x= + + + + +   

1 2 3

2 3 4

1 2 4

subject to 2 8
2 6
2 12

x x x
x x x
x x x

+ + ≤
+ + ≤
+ + ≤

 

   where 3 4( , )x x  solves 
  1 1 2 3 4 1 3 4 2 3 4Max ( , , , ) (2 1)( 3)h x x x x x x x x x x= + + + + + +  

  2 1 2 3 4 1 4 3 3 2Max ( , , , ) (2 2)( 4)h x x x x x x x x x= + + + + +  

 
1 2 3 4

2 3 4

1 2 3 4

subject to 2 4 2 16
2 5

, , , 0.

x x x x
x x x
x x x x

− + + + ≤
+ + ≤

≥
 

Solution: Using the algorithm, the bilevel feasible solutions of the above problem are, 
 (7/2, 1, 0, 4), (7/2, 0, 0, 5), (0, 1, 0, 4), (0, 0, 0, 5), 
 (11/4, 0, 5/2, 0), (13/6, 7/3, 4/3, 0), (0, 0, 5/2, 0), (25/6, 1, 0, 4) 
 (0, 7/3, 4/3, 0). 
The set of efficient solutions for the problem (IQBMPBL) is 

{(0, 0, 0, 5), (0, 0, 5/2, 0), (0, 7/3, 4/3, 0)}. 
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OBJECTIVES
Optimization is a multi-disciplinary research field that deals with the characterization and computation

of minima and / or maxima (local/global) of nonlinear, nonconvex, nonsmooth and discrete functions.
optimization problems are frequently encountered in modeling of complex real world systems for a very
broad range of applications including industrial and systems engineering, management science, opera-
tional research, mathematical economics, seismic optimization, production planning and scheduling,
transportation and logistics and many other applied areas of science and engineering.

Due to rapid development and deployment of practical optimization methodologies in the last three decades,
scientists around the globe in diverse disciplines have been using optimization techniques and algorithms to
solve their respective problems. Optimization is playing a pivoting role in the development of modern science
and engineering.  The main aim of this conference is to provide impetus and motivation for further research
work in all areas of optimization and its applications by providing a forum for the academic exchange of ideas
and recent research works, both by senior and young active researchers from around the globe.
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Linear Programming; Nonlinear Programming; Stochastic Programming; Parametric Programming; Convex

Programming; Nonsmooth Programming; Fractional Programming; Multiobjective Programming; Varational
Problem; Varational Inequalities; Game Theory; Complementarity problems; Fuzzy optimization; Global
optimization; Nonlinear Dynamic Systems; Theoretical Development of Optimization; Computational and
Numerical Experiments; New Algorithmic Approaches to Optimization; Applications related to Optimization on
Engineering, Management, Art and Sciences, including some interdisciplinary subjects such as Mathematical
Economics, Mathematical Physics and Biology, Financial Optimization, Portfolio Optimization and other subjects.
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About this book
The present book discusses the Kuhn-Tucker Optimality, Karush-Kuhn-Tucker Necessary and
Sufficient Optimality Conditions in presence of various types of generalized convexity
assumptions. Wolfe-type Duality, Mond-Weir type Duality, Mixed type Duality for Multiobjective
optimization problems such as Nonlinear programming problems, Fractional programming
problems, Nonsmooth programming problems, Nondifferentiable programming problems,
Variational and Control problems under various types of generalized convexity assumptions.

Written for:
Researchers



About this book
V-INVEX FUNCTIONS AND VECTOR OPTIMIZATION summarizes and synthesizes an aspect
of research work that has been done in the area of Generalized Convexity over the past several
decades. Specifically, the book focuses on V-invex functions in vector optimization that have
grown out of the work of Jeyakumar and Mond in the 1990’s. V-invex functions are areas in
which there has been much interest because it allows researchers and practitioners to address
and provide better solutions to problems that are nonlinear, multi-objective, fractional, and
continuous in nature. Hence, V-invex functions have permitted work on a whole new class of
vector optimization applications.
There has been considerable work on vector optimization by some highly distinguished
researchers including Kuhn, Tucker, Geoffrion, Mangasarian, Von Neuman, Schaiible, Ziemba,
etc. The authors have integrated this related research into their book and demonstrate the wide
context from which the area has grown and continues to grow. The result is a well-synthesized,
accessible, and usable treatment for students, researchers, and practitioners in the areas of OR,
optimization, applied mathematics, engineering, and their work relating to a wide range of problems
which include financial institutions, logistics, transportation, traffic management, etc.

Written for:
Graduate students and researchers in applied mathematics, optimization, OR and statistics - also
practitioners in financial institutes, logistics, transportation and traffic management.


	00IJOTMA_n3 copyright.pdf
	00IJOTMA_n3 Contents.pdf
	01IJOTMA_n3_29.pdf
	02IJOTMA_n3_23.pdf
	03IJOTMA_n3_24.pdf
	04IJOTMA_n3_31.pdf
	05IJOTMA_n3_26.pdf
	06IJOTMA_n3_25.pdf
	IJOTMA_n3_会议广告p329-330.pdf
	IJOTMA_n3 Feng2&3.pdf


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


